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ABSTRACT

In this paper, following the theory of quasi-determinism of
Boccotti, the necessary and sufficient conditions, for the oc-
currence of two successive wave crests of large heights in a
gaussian sea, are given. As a corollary, it is proven that the
tail probability of the joint distribution of two successive wave
crests is given by a bivariateWeibull distribution. TheWeibull
parameter is equal to ψ∗2 = ψ(T ∗2 )/ψ(0). Here, T ∗2 is the ab-
scissa of the second absolute maximum of the autocovariance
function ψ(T ). The analytical results are in agreement with
Monte Carlo simulations. Finally, as an application, the max-
imum expected wave crest pressure in an undisturbed deep
water is evaluated by taking into account the stochastic de-
pendence of successive wave crests.

Key words: Successive wave crests; gaussian sea; quasi-
determinism; bivariate Weibull; conditional probability; max-
imum expected wave crest.

INTRODUCTION

The theory of quasi-determinism for the mechanics of linear
wave groups was derived by Boccotti in the eighties, with two
formulations. The Þrst one (Boccotti, 1981,1982) enables us to
predict what happens when a very high crest occurs at a Þxed
time and location (Lindgren,1970,1972); the second one (Boc-
cotti, 1989,1995,1997,2000) gives the mechanics of the wave
group when a very large crest-to-trough height occurs. The
theory, which is exact to the Þrst order in a Stokes expansion
(Gaussian sea), is valid for any boundary condition (for exam-
ple either for waves in an undisturbed Þeld or in reßection).
The theory was then veriÞed in the nineties with some small-
scale Þeld experiments (Boccotti et al. 1993a,1993b) both
for waves in an undisturbed Þeld and for waves interacting
with structures. Boccotti (2000) then proposed a complete
review of the theory, and showed that the two formulations
are congruent. An alternative approach for the derivation
of the quasi-determinism theory was proposed by Phillips et
al.(1993a,1993b), who also obtained a Þeld veriÞcation off the
Atlantic coast of the USA. The Þrst formulation of the theory
(derived only for the time domain) was also given by Tromans
et al. (1991), who renamed the theory as �New Wave�.
In this paper the theory of gaussian sea states is summarized

Þrst, then the second formulation theory of quasi-determinism
is revisited in order to emphasize the key steps of the proof of
Boccotti. Then, the necessary and sufficient conditions for the

occurrence of two successive wave crests of very large height
are given. As a corollary, it is proven that the tail probability
of the joint distribution of two successive wave crests is given
by a bivariate Weibull distribution. The analytical results are
then validated by Monte Carlo simulations. Finally, as an
application, the maximum expected wave crest pressure in an
undisturbed deep water is evaluated by taking into account
the stochastic dependence of successive wave crests.

THE THEORY OF SEA STATES

According to the theory of sea states, to the Þrst order in
a Stokes expansion, a time series of surface displacements
η (t), recorded at a Þxed point at sea, is a realization of the
stationary ergodic stochastic gaussian process

η (t) =
NX
i=1

ai cos (ωit+ εi) . (1)

Here, it is assumed that frequencies ωi are different from each
other, the number N is inÞnitely large and the phase angles εi,
uniformly distributed in [0,2π], are stochastically independent
of each other. Furthermore, all the amplitudes ai satisfy the
frequency spectrum S(ω) deÞned as

S(ω)dω =
X

ωi∈[ω,ω+dω]

a2i
2
. (2)

The jth order moment of the spectrum is mj =R∞
0 Sj(ω)dω. In particular m0 = σ

2, where σ is the standard
deviation of η (t). The autocovariance function ψ(T ) can be
evaluated as

ψ(T ) =

Z ∞

0

S(ω) cos (ωT ) dω.

In this contest the JONSWAP spectrum (Hasselmann, 1973)
is adopted in the following form

S(ω) = λ
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where ωp is the peak frequency, χ1 and χ2 are shape param-
eters, and λ is a normalization factor such that m0 = 1. For
typical wind waves one can assume χ1 = 3.3 and χ2 = 0.08.
Note that other wave processes, to the Þrst order in a Stokes
expansion, can be expressed as in Eq. (1) with appropriate
choice of the spectral coefficients {ai}i=1,N .

THE THEORY OF QUASI-DETERMINISM

Let us consider the surface displacement η (t) at any Þxed
point (x0, y0) in a guassian wave Þeld. Setting t0 as an arbi-
trary time instant,H as the wave height and T ∗ as the abscissa
of the absolute minimum of the autocovariance function, Boc-
cotti (1989, 1995,1997,2000) showed that the condition

η (t0) =
H

2
η (t0 + T

∗) = −H
2

(3)

becomes necessary and sufficient for the occurrence of a wave
of height H as α = H/σ →∞. The condition (3) is sufficient
because as α→∞ the conditional probability

Pr

·
η (t0 + T ) = u

Á
η (t0) =

H

2
, η (t0 + T

∗) = −H
2

¸
(4)

tends to a delta function δ [u− η̄ (t0 + T )] centered at

η̄ (t0 + T ) =
H

2

ψ(T )− ψ(T − T ∗)
ψ(0)− ψ(T ∗) . (5)

This implies that as α → ∞, given the condition (3),
with probability approaching one, the surface displacement
η (t0 + T ) tends to the deterministic form η̄ (t0 + T ). This is a
wave proÞle with wave height H, having a crest of amplitude
H/2 at T = 0 and a trough of amplitude H/2 at T = T ∗.
In order to show that Eq. (3) is also a necessary condition,

Boccotti derived the analytical expression for the expected
number per unit time EX(α, τ , ξ) of local maxima of the sur-
face displacement η (t) with amplitude ξα which are followed
by a local minimum with amplitude (ξ−1)α after a time lag τ .
He showed that as α→∞ in the domain (τ , ξ) there exists an
O(α−1) inÞnitesimal neighborhood (δτ , δξ) of (T ∗, 1/2) such
that

EXs.w. (α, τ , ξ) = (6)
EX

¡
α, T ∗, 12

¢
exp

h
−1
8

³
K∗
τ δτ

2 +K∗
ξ δξ

2
´
α2
i

0 elsewhere

.

Here, K∗
τ andK

∗
ξ are constant; EXs.w.(α, τ , ξ) is the expected

number per unit time of local maxima of the surface displace-
ment η (t) with amplitude ξα which are followed by a local
minimum with amplitude (ξ−1)α after a time lag τ ,where the
local maximum and the local minimum must be the crest and
the trough of the same wave respectively (the subscript s.w.
stands for same wave). Hence condition (3) is also necessary
in the limit of α→∞.
As a corollary, Boccotti showed that the wave height dis-

tribution p(α) (see also Maes & Breitung, 1997; Breitung,
1996; Sun, 1993; Kac & Slepian, 1959; Leadbetter & Rootzen,

1988; Longuet-Higgins 1952;Naess, 1985) admits the following
asymptotic expression

p(α) =

R∞
0

R 1
0
EXs.w. (α, τ, ξ) dτdξ

EX+
=

α

2(1 + ψ∗)
exp

·
− α2

4(1 + ψ∗)

¸
as α→∞.

Here, the narrow-bandedness parameter ψ∗ is deÞned as the
absolute value of the quotient between the Þrst absolute min-
imum and the absolute maximum of the autocovariance func-
tion ψ(T ) and

EX+ =
1

2π

r
m2

m0
(7)

is the expected number per unit time of zero up-crossing of
the surface displacement. For narrow-band spectra ψ∗ → 1,
whereas broad-band spectra are characterized by ψ∗ << 1.
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Figure 1: Two successive wave crests lagged in time by T ∗2 .

THE OCCURRENCE OF TWO SUCCESSIVE
WAVE CRESTS OF VERY LARGE HEIGHTS

Sufficient Conditions
In the following, the theory of quasi-determinism of Boccotti
is extended to study the occurrence of two very large succes-
sive wave crests. Consider the probability density function of
the surface displacement η (t), at any Þxed point (x0, y0) in a
guassian sea, given the conditions

η (t0) = h1 and η (t0 + T
∗
2 ) = h2. (8)

Here, t0 is an arbitrary time instant, h1 and h2 are crest ampli-
tudes and T ∗2 is the abscissa of the second absolute maximum
of the autocovariance function ψ(T ) (see Fig. 1). The p.d.f.
of η (t) at time t0 + T , given conditions (8) is gaussian, i.e.

Pr [η (t0 + T ) = u /η (t0) = h1, η (t0 + T
∗
2 ) = h2 ] =

1p
2πσ2c

exp

½
− [u− ηc (t0 + T )]

2

2σ2c

¾
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where the conditional mean ηc (t0 + T ) is given by

ηc (t0 + T ) = (9)

h1ψ(0)− h2ψ(T ∗2 )
ψ2(0)− ψ2(T ∗2 )

ψ(T ) +
h2ψ(0)− h1ψ(T ∗2 )
ψ2(0)− ψ2(T ∗2 )

ψ(T − T ∗2 ).

The conditional variance σ2c has the following expression

σ2c
σ2
= 1−

ψ2(T ∗2 ) + ψ
2(T − T ∗2 )− 2ψ(T )ψ(T − T ∗2 )ψ(T

∗
2 )

ψ(0)

ψ2(0)− ψ2(T ∗2 )
.

(10)
It follows that σc < σ since ψ(T ∗2 )/ψ(0) is smaller than
unity by deÞnition. This implies that, in the limit of h1

σ →
∞ and h2

σ → ∞, the ratio σc/ηc (t0 + T ) approaches zero,
since ηc (t0 + T ) → ∞ and σc is bounded by the uncondi-
tional standard deviation σ. Thus, all the realizations of the
guassian sea satisfying conditions (8), with probability ap-
proaching one, tend to the deterministic proÞle ηc (t0 + T ) for
very large crest heights, i.e.

Pr [η (t0 + T ) = u /η (t0) = h1, η (t0 + T
∗
2 ) = h2 ]

→ δ [u− ηc (t0 + T )] as
h1
σ

and
h2
σ
→∞.

The conditional mean ηc (t0 + T ), [see Eq. (9)] represents a
wave structure of two successive wave crests lagged in time by
T ∗2 , if certain constraints are given. Note that ηc (t0 + T ) is
a linear combination of the autocovariance ψ(T ) and the
shifted autocovariance ψ(T − T ∗2 ). Since T = 0 and T =
T ∗2 are the abscissa of the Þrst absolute maximum and sec-
ond absolute maximum of ψ(T ) respectively, this implies that
ηc (t0 + T ) attains two local maxima at T = 0 and T = T ∗2 ,
if both the second order derivatives at these abscissas are less
than zero, i.e.

η̈c (0) < 0 and η̈c (T
∗
2 ) < 0. (11)

Some algebra yields

η̈c (0) = a(−β0 + s β1) η̈c (T
∗
2 ) = a(−β1 + s β0) (12)

where β0 =
h1

σ and β1 =
h2

σ and (the dot denotes time deriva-
tive)

a =
1 + ψ(T ∗2 )ψ̈(T ∗2 )
1− ψ2(T ∗2 )

s =
ψ(T ∗2 ) + ψ̈(T ∗2 )
1 + ψ(T ∗2 )ψ̈(T ∗2 )

.

Since a is always greater or equal to zero, the condition (11)
is fulÞlled if  β0, β1 ∈ R2

+ if s ≤ 0

β0, β1 ∈ Ω(s) if s > 0
. (13)

Here, Ω(s) is the open sectorial region of R2
+ with aperture

angle θ = π/2− 2 tan−1(s) (see Fig. 2)

Ω(s) =

½
(β0, β1) ∈ R2

+ : β0 ≥ 0, β1 ≥ 0, s <
β1
β0
<
1

s

¾
.

Typical JONSWAP spectrum satisÞes the condition s >
0 with s ∈ [0.14, 0.16]. As the spectrum gets narrow the
sector Ω(s) tends to cover all R2

+, i.e. θ → π/2, because
s approaches zero in the narrow-band limit. Moreover, since
it is assumed that the autocovariance function ψ(T ) attains
only one minimum at T = T ∗ in the open interval (0, T ∗2 ) (see
Boccotti 1997,2000), the two local maxima of the wave pro-
Þle ηc (t0 + T ) are also two consecutive wave crests. Hence
as β0 → ∞ and β1 → ∞, conditions (8) are sufficient for
the occurrence of two successive wave crests of very large
height within the limits of constraint (13).

0β

1β

θ

Figure 2: The sectorial region Ω (s) in the domain (β0, β1).

The Conditions (8) are necessary for the oc-
currence of two large successive wave crests

In the following, the notations ψT , ηT are adopted to in-
dicate respectively the autocovariance ψ(T ) and the surface
displacement η(T ). Without losing generality, the time scale
1/
√
m2 and the length scale σ =

√
m0 are used to non-

dimensionalize Eq. (1) such that the zeroth and the second
order moment of the spectrum are equal to one, i.e. m0 = 1
and m2 = 1. It follows that ψ0 = 1 and ψ̈0 = −1. Consider
the expected number per unit time

EXc (β0, β1, τ) dβ0dβ1dτ (14)

of local maxima of the surface displacement η (t) ( at a Þxed
location in space) whose elevation is between β0 and β0+dβ0,
and which are followed by a local maximum with an elevation
between β1 and β1 + dβ1 after a time lag between τ and
τ+dτ . Following the general approach introduced by Rice (see
Boccotti, 2000 pp. 159-162), EXc (β0, β1, τ) can be expressed
as

EXc (β0, β1, τ) =

Z 0

−∞

Z 0

−∞
|z1z2| · (15)

p [η0 = β0, úη0 = 0, η̈0 = z1, ητ = β1, úητ = 0, η̈τ = z2] dz1dz2.
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Here, p [η0, úη0, η̈0, ητ , úητ , η̈τ ] is a gaussian joint probability
density function. Eq. (15) is rewritten in the form

EXc (β0, β1, τ) = (16)

p [η0 = β0, úη0 = 0, úητ = 0, ητ = β1]

Z 0

−∞

Z 0

−∞
|z1z2| ·

p [ η̈0 = z1, η̈τ = z2/ η0 = β0, úη0 = 0, úητ = 0, ητ = β1] dz1dz2.

Since the conditional mean ηc attains two local maxima at
T = 0 and T = T ∗2 , in the limit of β0 →∞ and β1 →∞ the
following holds

p [η̈0 = z1, η̈τ = z2 /η0 = β0, úη0 = 0, úητ = 0, ητ = β1 ]

→ δ [z1 − η̈c (0) , z1 − η̈c (T ∗2 )] .
This yields the simpliÞcation of Eq. (16) as follows

EXc (β0, β1, τ) = (17)

p [η0 = β0, úη0 = 0, úητ = 0, ητ = β1] η̈c (0) η̈c (T
∗
2 ) .

If the joint probability p [η0 = β0, úη0 = 0, úητ = 0, ητ = β1] in
Eq. (17) is Taylor expanded with respect to the variable
τ around τ = T ∗2 (see appendix), this gives

EXc (β0, β1, τ) '
1

(2π)2
q
1− ψ2T∗2

· (18)

· exp
−β20 + β21 − 2ψT∗2 β0β1

2
³
1− ψ2T∗2

´ − K
∗

2
δτ2 + o(δτ2)

 .
Here, K∗ is proven to be greater than zero and tends to inÞnity
as β0 →∞ and β1 →∞ (see appendix). Hence, in the same
limit, from Eq. (18) there exists an inÞnitesimal neighborhood
δΓ of order O(K−1/2

∗ ) such that ∀ δτ ∈ δΓ
EXc (β0, β1, τ) = (19) EXc (β0, β1, T

∗
2 ) exp

¡−1
2K

∗δτ2
¢

0 elsewhere

as β0 →∞ and β1 →∞.
Numerical investigations show that

EXc (β0, β1, T
∗
2 )

EXc (β0, β1, τ)
> 1 ∀ τ 6= T ∗2 .

Thus, two successive local maxima of amplitude β0 and β1
respectively, attain the maximal expectation EXc(β0, β1, τ)
when the time lag between their occurrence is equal to τ = T ∗2 .
Moreover, from Eq. (19) a local maxima of a very large ampli-
tude β0 followed by a local maxima of a very large amplitude
β1 after a time lag T

∗
2 + δτ have almost the same maximal

expectation as two local maxima with amplitudes equal to β0
and β1 respectively, lagged in time by T

∗
2 . However, two lo-

cal maxima of large amplitude lagged in time by T ∗2 are also
two successive crests because the conditions (8) are sufficient.
Hence the conditions (8) are also necessary in the limit of
β0 →∞ and β1 →∞.

THE TAIL PROBABILITY OF TWO SUCCES-
SIVE WAVE CRESTS EVENT

Let us deÞne

EXs.c. (β0, β1, τ) dβ0dβ1dτ (20)

as the expected number per unit time of local maxima of the
surface displacement η (t) ( at a Þxed location in space) whose
elevation falls between β0 and β0 + dβ0 and are followed by
a local maximum of elevation between β1 and β1 + dβ1 after
a time lag between τ and τ + dτ , where both the local maxi-
mum at t = 0 and the local maximum at t = τ must be two
successive wave crests (the subscript s.c. stands for successive
crests). From the deÞnition of EXc and EXs.c. it follows that

EXs.c. (β0, β1, τ) ≤ EXc (β0, β1, τ)

EXs.c. (β0, β1, τ)

EXc (β0, β1, τ)
→ 0 as τ →∞.

As β0 and β1 → ∞, from Eq. (19) it has been proven that
two successive wave crests lagged in time by T ∗2 +δτ with δτ ∈
δΓ are, with probability approaching one, two local maxima
lagged in time by T ∗2 + δτ . This implies

EXs.c. (β0, β1, τ) = (21) EXc (β0, β1, τ) τ = T ∗2 + δτ δτ ∈ δΓ

0 elsewhere
.

The exact expression for the joint probability density function
p(β0, β1) of two successive wave crests is given by

p(β0, β1) =

R∞
0 EXs.c. (β0, β1, τ) dτ

EX+
(22)

where EX+ is deÞned as in Eq. (7). If β0 and β1 →∞, since
Eq. (21) holds, Eq. (22) simpliÞes as the following

p(β0, β1) ' (23)

1

2π

η̈c (0) η̈c (T
∗
2 )

1− ψ2T∗2
exp

−β20 + β21 − 2ψT∗2 β0β1
2
³
1− ψ2T∗2

´
 ·

·
Z
δτ∈δΓ

exp

µ
−1
2
K∗δτ2

¶
d(δτ).

The integral that appears in Eq. (23) can bounded byR∞
−∞ exp

¡−1
2K

∗δτ2
¢
d(δτ) =

√
2π√
K∗ obtaining the p.d.f.

pa(β0, β1) = (24)

1 + ψ∗2ψ̈
∗
2q

−2πψ̈∗2(1− ψ∗22 )3
exp

·
−β

2
0 + β

2
1 − 2ψ∗2β0β1

2(1− ψ∗22 )

¸
·

(25)

·
p
(−β0 + s β1)(−β1 + s β0)
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where ψ∗2 ≡ ψT∗2 and ψ̈
∗
2 ≡ ψ̈T∗2 . From Eq. (24) the following

upper bound for pa(β0, β1) is readily derived

pa(β0, β1) ≤ (26)

1√
2π

1q
ψ∗2(1− ψ∗22 )

exp

·
−β

2
0 + β

2
1 − 2ψ∗2β0β1

2(1− ψ∗22 )

¸p
β0β1

since (β0 − s β1)(β1 − s β0) ≤ β0β1 and for typical spec-

tra one can prove that 1+ψ∗2ψ̈
∗
2√

−ψ̈∗2(1−ψ∗2
2 )

≤ 1. Because the fol-

lowing asymptotic expansion for the modiÞed Bessel function
I0(y) holds

I0(y) =
1√
2π

exp (y)√
y

+ o(y−1) as y →∞, (27)

setting y = k β0β1

1−k2 in Eq. (27), the upper bound (26) is the
asymptotic expansion of the following bivariate Weibull dis-
tribution

pW (β0, β1) =
β0β1
(1− k2) exp

·
− β20 + β

2
1

2(1− k2)
¸
I0

µ
k β0β1
1− k2

¶
.

(28)
Here, the Weibull parameter is k = ψ∗2. The bivariate Weibull
distribution has been used by many authors to model the
distribution of successive wave heights in narrow-band gaus-
sian seas (Wist et al., 2002; Liu et al., 1993; Rodriguez et al.
2000,2002) where the parameter k is estimated as

km = (29)s£R∞
0
S(ω) cos(ωTm)dω

¤2
+
£R∞
0
S(ω) sin(ωTm)dω

¤2
m0

with Tm = 2π
q

m0

m2
the mean zero up-crossing period. By

means of the theory of quasi-determinism, a bivariate Weibull
law has been derived as a model for the statistics of succes-
sive wave crests. The Weibull parameter k [see Eq. (28)]
is equal to the non-dimensional parameter ψ∗2 = ψ(T ∗2 )/ψ(0)
with T ∗2 the abscissa of the second absolute maximum of the
autocovariance function ψ(T ).

VALIDATION

The probability laws pa(β0, β1) and pW (β0, β1), i.e. Eqs. (24)
and (28), are now validated by performing Monte Carlo sim-
ulations with the following spectral form

S(ω) =


1

ωmax−ωmin
ωmin < ω < ωmax

0 elsewhere
. (30)

Assuming ωmax = 1.5 and ωmin = 0.5, by means of Eq.
(1), realizations of a Gaussian sea state with the given spec-
trum (30) have been generated, with roughly 90000 waves. In
Figs. 3,4 and 5, the theoretical probabilities of exceedance
Pr [β0 > x0, β1 > x1] of the asymptotic p.d.f. (24) and the

Weibull p.d.f. (28) are compared to the probabilities of ex-
ceedance derived from the Monte Carlo simulations. As one
can see from the plots, the asymptotic pa(β0, β1) and the
Weibull pW (β0, β1) are respectively a lower bound and an
upper bound of the exact p.d.f. p(β0, β1). The distribution
pa(β0, β1) converges to the exact distribution p(β0, β1) for
β0 > 2 and β1 > 2, whereas the convergence of pW (β0, β1) is
attained for β0 > 2.5 and β1 > 2.5.

Figure 3: The probabilities of exceedance: comparison
among the asymptotic p.d.f. pa(β0, β1), the Weibull
pW (β0, β1) and the Monte Carlo simulations for β0 = 1.84.

Figure 4: The same probabilities of exceedance as in Fig. (3),
for β0 = 2.32.

APPLICATION: THE MAXIMUM EX-
PECTED WAVE CREST PRESSURE IN
UNDISTURBED DEEP WATER

Consider Nc consecutive waves of a sea state of a given energy
spectrum. The probability that the largest crest height of this

5



Figure 5: The same probabilities of exceedance as in Fig. (3),
for β0 = 2.79.

set of Nc waves is smaller than a threshold h is equal to the
probability that all Nc wave crests are smaller than h, i.e.

Pr (Cmax ≤ h) = Pr (C1 ≤ h,C2 ≤ h, ......, CNc
≤ h) . (31)

Here, Cmax is the largest wave crest of the set
{C1, C2, ...., CNc}. Assuming that the wave crest heights are
stochastically independent of one another yields

Pr (Cmax ≤ h) = [Pr (C1 ≤ h)]Nc . (32)

This expression underestimates the probability that all the
wave crest heights are smaller than h, because it does not
take into account the clustering effect, i.e. if a wave crest is
smaller than h, neighboring crest heights will be more likely to
be less as well due to their dependence. However the clustering
effect is not expected to involve many neighboring crests at
the high level of h. In fact, for large h, the wave crest is the
center of a wave group where we can expect that one or two
waves before, and one or two waves after, will also be higher
than the mean wave crest (see Boccotti, 2000 pp. 177-180). In
the following, the probability that the next wave crest height
Cj+1 is less than h, is assumed to depend only upon whether
the last wave crest height Cj was less, and not upon still earlier
wave crest heights Cj−1, Cj−2, .... This is a form of a Markov
chain (one-step memory in time), which gives for Eq. (31) the
following simpliÞcation

Pr (Cmax ≤ h) = Pr (C1 ≤ h) ·

·Pr (C2 ≤ h/C1 ≤ h) ... · Pr (CNc ≤ h/CNc−1 ≤ h) =
(33)

Pr (C1 ≤ h) · [Pr (Cj ≤ h/Cj−1 ≤ h)]Nc−1

where Pr (Cj ≤ h/Cj−1 ≤ h) is the probability that a wave
crest height is smaller than h given the condition that the
precedent wave crest is less as well. The probability (33) can
be easily computed since, from Eq. (28)

Pr (Cj ≤ h/Cj−1 ≤ h) =
R h/σ
0

R h/σ
0

pW (β0, β1)dβ0dβ1

1− exp
h
−1
2

¡
h
σ

¢2i

and

Pr (Cj ≤ h) = 1− exp
"
−1
2

µ
h

σ

¶2#
j = 1, ..,Nc.

The maximum expected wave crest C̄max can then be evalu-
ated as (see Boccotti, 2000 pp. 177-180)

C̄max =

Z ∞

0

[1− Pr (Cmax ≤ h)] dh.

Observe that C̄max depends upon the choice of the parameter
k of the Weibull distribution (28). As an application, consider
the Þrst-order random wave pressure in an undisturbed Þeld
on deep water at a Þxed point in the sea, given by

η(z, t) =
∆p (z, t)

ρg
=

NX
i=1

ai exp

µ
ω2i
g
z

¶
cos (ωit+ εi) . (34)

with z ∈ [0,−∞). For Þxed z, by setting

�ai = ai exp

µ
ω2i
g
z

¶
,

η(z, t) is a stationary ergodic stochastic gaussian process with
spectrum

�S(ω; z) = S(ω) exp

µ
ω2

g
z

¶
.

Here, according to Eq. (2), �S(ω; z) is deÞned as

�S(ω; z)dω =
X

ωi∈[ω,ω+dω]

�a2i
2
.

The autocovariance function ψ (z, T ) = hη(z, t)η(z, t+ T )i of
η(z, t) can be evaluated by the following integral

ψ (z, T ) =

Z ∞

0

�S(ω; z) cos(ωT )dω

and the standard deviation of the wave pressure at level z is
readily obtained as σ =

p
ψ (z, 0). In Fig. 6 the parame-

ters ψ∗,ψ∗2 and km [see Eq. (29)] are plotted as a function of
the dimensionless depth ω2p |z| /g. In Fig. 7 the plots of the
maximum expected wave crest pressure C̄max, evaluated using
k = ψ∗2 , k = km and k = 0 respectively (Nc = 200 waves), are
displayed. Note that the case of k = 0 imposes stochastic in-
dependence among the wave crests, since the Weibull law (28)
reduces down to the product of two Rayleigh laws. From Fig.
6 one can see that the wave pressure spectrum tends to become
narrow as the depth level increases, since ψ∗ tends to one.
This implies that the assumption of stochastic independence
among the pressure crests breaks down. As a consequence,
the maximum expected wave crest pressure C̄max computed
with k = 0 overestimates the maximum expected wave crest
pressure C̄max evaluated using both k = ψ∗2 and k = km.
(see Fig. 7). Observe that the maximum expected wave crest
pressure C̄max computed with k = ψ

∗
2 is slightly more conser-

vative than the maximum expected wave crest pressure C̄max
computed with k = km, since km > ψ

∗
2 (see Fig. 6).
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Figure 6: Wave pressure in undisturbed deep water: the pa-
rameters ψ∗,ψ∗2 and km as a function of the non-dimensional
depth ω2p |z| /g.

CONCLUSIONS

The necessary and sufficient conditions for the occurrence of
two very large successive wave crests are given. As a corollary,
it is proven that the tail probability of the joint distribution of
two successive wave crests is given by a bivariate Weibull law.
Here, the Weibull parameter is equal to ψ∗2 = ψ(T ∗2 )/ψ(0) with
T ∗2 the abscissa of the second absolute maximum of the au-
tocovariance function ψ(T ). The theoretical results agree well
with the Monte Carlo simulations. Finally, as an application,
the maximum expected wave crest pressure in an undisturbed
deep water is evaluated considering the stochastic dependence
of successive wave crests.

APPENDIX

The joint probability in Eq. (17) is multivariate gaussian and
can be expressed as

p [η0 = β0, úη0 = 0, úητ = 0, ητ = β1] =

1

(2π)2
p|D| exp

·
−1
2
f(β0, β1, τ)

¸
.

Here, f(β0, β1, τ) = ωD−1ωt and D is the covariance matrix
of the row vector of variables ω = [η0, úη0, úητ , ητ ] deÞned as

D =


1 0 úψτ ψτ
0 1 −ψ̈τ − úψτ
úψτ −ψ̈τ 1 0

ψτ − úψτ 0 1

 .
By Taylor-expanding the function f with respect to the time
lag τ , starting from τ = T ∗2 , yields

f(β0, β1, τ) =
β20 + β

2
1 − 2ψT∗2 β0β1
1− ψ2T∗2

+K∗δτ2 + o(δτ2)

Figure 7: The maximum expected wave crest pressure for
k = ψ∗, ψ∗2, km as a function of the non-dimensional depth
ω2p |z| /g.

where

K∗ = − ψ̈T∗2

1− ψ̈2T∗2
η̈c (0) η̈c (T

∗
2 ) .

The parameter K∗ ≥ 0, since the coefficient ψ̈T∗2
1−ψ̈2

T∗2
is always

negative (ψ̈T∗2 < 0 because ψ attains a maximum at τ =

T ∗2 and
¯̄̄
ψ̈T∗2

¯̄̄
≤ 1 by deÞnition) and η̈c (0) η̈c (T

∗
2 ) > 0 if

the constraint (13) holds. Note that, from Eq. (12),as β0 →∞ and β1 →∞ the coefficient K∗ goes to inÞnity.
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