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Extreme Events in Nonlinear
Random Seas
In this paper, the occurrence of extreme events due to the four-wave resonance interac-
tion in weakly nonlinear water waves is investigated. The starting point is the Zakharov
equation, which governs the dynamics of the spectral components of the surface displace-
ment. It is proven that the optimal spectral components giving an extreme crest are
solutions of a well-defined constrained optimization problem. A new analytical expression
for the probability of exceedance of the wave crest is then proposed for the prediction of
freak wave events. �DOI: 10.1115/1.2151202�
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Introduction
Single waves that are extremely unlikely as judged by the Ra-

leigh distribution are called freak waves. The freak event that
occurred on January 1, 1995 under the Draupner platform in the
North Sea �1� provides evidence that such waves can occur in the
open ocean. During this freak event, an extreme crest with an
amplitude of 18.5 m occurred. The maximal wave height of
25.6 m was much more than twice the significant wave height of
about 10.8 m.

Such a focusing of wave energy in a small area of the ocean can
be justified by means of two linear mechanisms: time-space fo-
cusing and current focusing. In particular, the first mechanism can
be explained by means of the theory of quasi determinism of
Boccotti �2–6�. Boccotti showed that, if in a Gaussian sea a very
high wave height occurs at some point in space and time, with
high probability a well-defined quasi-deterministic wave group
generates the high crest. In particular, the initial configuration of
the wave group is such that in earlier stage of evolution of the
group itself, the shortest waves are in front of the long waves. As
time evolves, the long waves propagate faster and will catch up on
the shorter waves, producing a focusing of energy at some point in
space and time. The second linear mechanism of current focusing
�7� requires almost unidirectional waves entering a zone of vari-
able currents. However, ocean waves have a natural directional
spreading and, consequently, the focusing effect is attenuated.

A third mechanism that can be a cause of freak waves is related
to the four-wave interaction in weakly nonlinear water waves
�8–13�. The weakly nonlinear energy transfer among nonresonant
and resonant quartets is governed by the deterministic Zakharov
integral-differential equation �14,15�. The nonlinear Schrödinger
�NLS� equation �8� �valid for narrowband spectra� and the en-
hanced NLS equation �16,17� derived by Dysthe �valid for
broader spectral bandwidth and larger steepness� are particular
cases of the Zakharov equation. Current research focuses on un-
derstanding how extreme crests occur in a nonlinear random sea.
In this context, from the solution of the NLS equation, Osborne et
al. �18� showed that a typical wave field consists of a stable back-
ground intermittently disturbed by unstable rogue waves. Andono-
wati and van Groesen �19� proposed the concept of the maximal
temporal amplitude �MTA� to determine the shape of the highest
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wave and Fedele and Arena �20,21� derived the form of the ex-
treme wave within the second-order Stokes theory.

In this paper, a new mathematical model for the prediction of a
freak wave is proposed. According to the wave dynamics dictated
by the Zakharov equation, sufficient conditions for the occurrence
of an extreme crest in weakly nonlinear water waves are given.
Then a new asymptotic solution for the probability of exceedance
of the crest height is proposed for the case of unidirectional deep
water waves. This solution takes into account both second- and
third-order effects.

Thus, a new numerical paradigm for the mathematical model-
ing of freak waves based on the Zakharov equation and the theory
of quasi determinism of Boccotti is presented.

The Zakharov Equation
Let us consider weakly nonlinear water waves over a finite

depth d. The free surface ��x , t� is given by

��x,t� =
1

2� ���n

2g
�Bn�t��exp�i�kn · x − �nt�� + �n�t� + c.c.

�1�

where �n�t� are arbitrary time-varying phase angles and the spec-
tral component Bn�t� is defined as

Bn�t� = �Bn�t��exp�i�n�t�� ∀ n �2�

and x= �x ,y� is the horizontal spatial vector. The linearized wave
frequency �n is related to the wave number kn through the linear
dispersion relation �n

2 /g= �kn�tanh��kn�d�. If third-order nonlinear
effects are considered, then the spectral components Bn�t� of the
wave envelope satisfy the following discrete version of the Za-
kharov equation �14�:

dBn

dt
= − i�

pqr

Tnpqr�n+p−q−rBp
*BqBr exp�i�npqrt� �3�

Here, B* denotes the complex conjugate of B, �npqr=�n+�p
−�q−�r and the kernel Tnpqr=T�kn ,kp ,kq ,kr� is a real function
of kn ,kp ,kq ,kr. The kernel Tnpqr is obtained by symmetrization as
described in Krasitskii �15�. The generalized Kronecker delta
�n+p−q−r denotes that summation is taken over those subscripts
satisfying kn+kp−kq−kr=0.

The conserved quantities of Eq. �3� are the discrete Hamiltonian

H

FEBRUARY 2006, Vol. 128 / 11
06 by ASME



H��Bn	� = �
n

�nBnBn
* + 1

2 �
npqr

Tnpqr�npqrBn
*Bp

*BqBr exp�i�npqrt�

�4�

the wave action A and wave momentum M= �Mx ,My�

A��Bn	� = �
n

BnBn
*, M��Bn	� = �

n

knBnBn
* �5�

Here, ��Bn	� indicates the set of the spectral components Bn�t�. If
the harmonic components form resonant quartets, i.e., �n+�p
−�q−�r=0, the Hamiltonian H reduces to

H��Bn	� = �
n

�nBnBn
*

In deep water, resonant quartets can only occur for three-
dimensional waves. In the following, only nonresonant conditions
are considered; that is, �n+�p−�q−�r�0. Thus, the Hamil-
tonian H is given by Eq. �4�.

Sufficient Conditions for the Occurrence of an Extreme
Crest

The wave surface in Eq. �1� is given by the superimposition of
harmonic components nonlinearly interacting among each other,
according to the evolution equation �3�. At some initial time t=
−t0, Bn�t� is set equal to some initial condition as

Bn�t = − t0� = B̃n = b̃n exp�i�̃n� ∀ n �6�

Here, b̃n and �̃n are initial amplitudes and phases to be defined
later. As time varies, a nonlinear energy transfer among the har-
monic components occurs and according to Eqs. �4� and �5�, the
Hamiltonian H, the wave action A, and the wave momentum M
are conserved, that is

H��Bn	� = H��B̃n	�, A��Bn	� = A��B̃n	�, M��Bn	� = M��B̃n	�
�7�

Assume that at �x=0 , t=0� all the harmonic components in Eq. �1�
are in phase, i.e.,

�n�t = 0� = 0 ∀ n �8�
This condition ensures that the nonlinear surface displacement
��x , t� admits a stationary point at �x=0 , t=0�, i.e., ����x=0,t=0
=0 and ��� /�t�x=0,t=0=0. In fact, from Eq. �1� the spatial gradient
and the partial derivative with respect to t of ��x , t� are given by

����x=0,t=0 =
1

2�
i � kn��n

2g
Bn�0�exp�i�n�0�� + c.c.


 ��

�t



x=0,t=0
=

1

2� ���n

2g
�
dBn

dt



t=0
− i�nBn�0��exp i�n�0�

+ c.c. �9�
If condition in Eq. �8� is imposed, invoking the evolution equation
�3�, one may evaluate the time derivative


dBn

dt



t=0
= − i�

pqr

Tnpqr�npqr�Bp�0�
Bq�0�
Br�0��

and from Eq. �9� both the spatial gradient �� and the time deriva-
tive �� /�t vanish at �x=0 , t=0�. Thus ��x , t� has a stationary
point at �x=0 , t=0�. Note that if the nonlinear effects are ne-
glected, then condition in Eq. �8� is necessary and sufficient for
the existence of an absolute maximum at �x=0 , t=0� �see �6��.

In the following, sufficient conditions will be given such that
the wave surface ��x , t� attains its absolute maximum Hmax at the

stationary point �x=0 , t=0�; this maximum is the highest crest
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amplitude that can be attained during the wave evolution. From
Eq. �1�, the wave surface amplitude at any time t at x=0 is given
by

��0,t� =
1

� ���n

2g
�Bn�t��cos��nt + �n�t��

Here, ��0 , t� admits the following upper bound

��0,t� �
1

� ���n

2g
�Bn�t�� �10�

If condition in Eq. �8� is imposed, at time t=0 the surface ampli-
tude Hmax=��0 ,0� is given by

Hmax =
1

� ���n

2g
�Bn�0�� �11�

If the amplitude Hmax in Eq. �11� is forced to be greater than the
right-hand side of the inequality �10�, that is

1

� ���n

2g
�Bn�0�� �

1

� ���n

2g
�Bn�t��, ∀ t �12�

then condition in Eq. �8� is sufficient for the existence of an ab-
solute maximum at �x=0 , t=0�.

Now, define the dimensionless frequency wn=�n /�d and the
dimensionless variables

Xn =
�Bn�0��

H
��d

2g
, X̃n =

B̃n

H
��d

2g

where H is a characteristic wave amplitude �hereafter the highest
linear crest amplitude� and �d a characteristic frequency. Then,
the inequality in Eq. �12� is satisfied if one can determine a set of
dimensionless harmonic amplitudes Xn satisfying the following
optimization problem:

max
Xn�R

N

1

� � �wnXn Xn 	 0 �13�

subject to the constraints given in Eq. �7�, which in terms of the
Xn variables are expressed as

�
n

wnXn
2 + 1

2 �
d��2�
npqr

T̃npqrXnXpXqXr

= �
n

wnX̃n
2 + 1

2 �
d��2�
npqr

T̃npqrX̃nX̃pX̃qX̃r exp

− �i�̃npqrt0 + i�̃npqr� �14�

and

�
n

Xn
2 = �

n

X̃n
2, �

n

knXn
2 = �

n

knX̃n
2 �15�

Here, �̃npqr= �̃n+ �̃p− �̃q− �̃r, �̃npqr=wn+wp−wq−wr, 
d= �kd�

is a characteristic wave steepness with �kd� the wave number cor-
responding to the characteristic frequency �d, �=H /
 is dimen-
sionless amplitude, 
 is the standard deviation of the wave surface

and T̃npqr=Tnpqr�n+p−q−r / �kd�3. For a given choice of the initial

time t=−t0 and initial conditions �X̃n	 and ��̃n	, one can solve the
optimization problem �13� and determine the optimal spectral
components �Xn	 along with the correspondent maximal wave am-
plitude Hmax�t0� given by �normalized with respect to the wave
height amplitude H�

Hmax�t0�
H

=
1

� � �wnXn �16�

In simple words, starting from the time t=−t0, the initial wave—
˜
with spectral components �Xn	 and phase angles
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��̃n	—nonlinearly evolves in space and time and at �x=0 , t=0�
the highest wave crest amplitude Hmax�t0� is attained.

The condition �8� is also necessary for the occurrence of an
extreme crest in weakly nonlinear waves provided the uniqueness
of the solution of the constrained optimization problem �13�, but
this needs a formal proof, which will be not discussed here.

In the Euclidean space RN with N the number of harmonic
components, the constraint in Eq. �14� represents a quartic hyper-
surface and the two constraints in Eq. �15� are both quadratic
hypersurfaces. Their intersection manifold ��RN−4 is bounded
since one of the hypersurfaces is a hypersphere. Because the ob-
jective function in Eq. �13� is linear in the Xn variables, then the
point solution P�RN of the optimization problem lies on the
intersection manifold �. The solution of the optimization problem
in Eq. �13� can be computed efficiently by means of the outer
approximation method. This is a cutting-plane optimization tech-
nique that has been used successfully by Karatzas and Pinder �22�
in groundwater quality management. The numerical implementa-
tion of this method is not straightforward; therefore, for the sake
of simplicity, the MATLAB optimization toolbox has been used. The
solution of Eq. �13� by the cutting-plane technique is an ongoing
research, effort, which will be discussed in a future paper.

Nonlinear Crest Amplitude and Its Probability of
Exceedance

Theory of Quasi Determinism. The theory of quasi determin-
ism for the mechanics of linear wave groups was derived by Boc-
cotti in the 1980s, with two formulations. The first one �2,6� en-
ables us to predict what happens when a very high crest occurs in
a fixed time and location �see also �23,24��; the second one �3,5,6�
gives the mechanics of the wave group when a very large crest-
to-trough height occurs.

The theory was then verified in the 1990s with some small-
scale field experiments �4�, both for waves in an undisturbed field
and for waves interacting with structures. An alternative approach
for the derivation of the quasi-determinism theory and a field veri-
fication off the Atlantic coast of the USA were proposed by Phil-
lips et al. �25,26�. The first formulation of the theory �derived only
for the time domain� was also reconsidered by Tromans et al. �27�
and renamed as “New Wave theory.”

Based on the first formulation of the theory, Boccotti showed
that, if in a Gaussian sea state it is known that a very high local
maximum occurs in some location and time, this implies with
high probability that a well-defined wave group generates the high
local maximum. In detail, if a local wave maximum of given
elevation H occurs at a time t=0 at a fixed point x=0, with prob-
ability approaching 1, the surface displacement ��x , t� tends as-
ymptotically to the deterministic form

�det�x,t� =
H


2 � E�k,t�exp�i�k · x − ��k�t�� dk + c.c. �17�

as H /
→�, i.e., when the crest is very high with respect to the
mean wave height. Here, E�k� is the wave spectrum and 
2

=�E�k�dk is the variance of the Gaussian sea. An exceptionally
high local maximum, with a very high degree of probability, is
also a wave crest of its wave, since �det�x , t� attains its absolute
maximum at �x=0, t=0�. A direct consequence is that the number
of wave crests exceeding a fixed threshold b tends to coincide
with the number of local wave maxima exceeding it, provided the
fixed threshold is very high; which, in turn implies the number of
wave crests exceeding a very high threshold b tends to coincide

with the number of b up-crossings �b+�; that is,
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Ncr�b;T�
N+�b;T�

→ 1 as b/
 → �

Here, Ncr�b ;T� and N+�b ;T� denote respectively the number of
wave crests exceeding the threshold b and the number of b+ in the
very large time interval T. It is well known that �6�

N+�b;T� � T exp�−
b2

2
2�
then the probability of exceedance of a wave crest height admits
the following asymptotic Rayleigh distribution �see also �28��

Pr H � b =
N+�b;T�
N+�0;T�

= exp�−
b2

2
2� b



→ � �18�

For discrete spectra

E�k�dk = � an
2

2
��k − kn�dk �19�

the deterministic group �17� admits the following expression:

�det�x,t� =
H


2�
n

an
2

2
exp�i�kn · x − �nt�� + c.c. �20�

This means that, in Gaussian seas with the wave spectrum defined
such as in Eq. �19�, if a high crest of height H occurs at �x=0, t
=0�, with probability approaching one, the surface displacement
�L�x , t� tends to assume the deterministic wave form �det�x , t� as
in Eq. �17�. In the limit of H /
→� the statistics of the wave crest
height follows asymptotically the Rayleigh distribution �18�.

Probability of Exceedance of an Extreme Crest. In the fol-
lowing unidirectional waves are considered, but the theory can be
easily extended to the general case of three dimensional waves. At
time t=−t0 the initial conditions are set such that the nonlinear
wave surface ��x , t� is equal to the linear wave group �det�x , t� in
Eq. �20�. Consequently, the initial spectral components and phase
angles in Eq. �6� are set equal to

B̃n = �
H


2�2g

�n
an

2, �̃n = 0

Thus, the linear wave group �20�, which in the absence of nonlin-
earities gives the highest crest amplitude H at �x=0, t=0�, non-
linearly evolves according to Eq. �3� and produces a different crest
amplitude Hmax at �x=0, t=0�. The solution of the optimization
problem in Eq. �13� depends on the initial time t=−t0, the set

�X̃n	= ���ãn /
�2 /�wn	 of initial conditions, which determines the
initial shape of the spectrum and the linear wave steepness 
H
=
d� with �=H /
 �see Eq. �14��. Here, 
H is the steepness of the
wave whose crest has the highest linear amplitude H according to
Boccotti’s theory �see Eq. �20��. Then from Eq. �16� the relation
between the highest nonlinear crest amplitude Hmax and the linear
crest amplitude H is given by

Hmax



= 1 + ���
H,t0,�X̃n	��� � → � �21�

where the dimensionless parameter ��
H , t0 , �X̃n	� is defined by

��
H,t0,�X̃n	� =
1

��
n

�wnXn − 1. �22�

Here, the set �Xn	, solution of the optimization problem �13�, in
the wave-number domain represents the Fourier spectrum of
��x , t� at time t=0 when the highest crest occurs at x=0. At the

initial time t=−t0 the spectrum is given by the set �X̃n	. Numerical
investigations showed that for fixed values of the linear wave

steepness 
H, the parameter ��
H , t0 , �X̃n	� reaches a maximum

�max
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�max = max
l0�R

��
H,t0,�X̃n	� �23�

at approximately �dt0�
H
−2, which is the time scale of the

Benjamin-Feir instability �8,31�. In the limit of �=H /
→�, the
statistics of the wave crest height follows asymptotically the Ray-
leigh distribution �18� and from Eqs. �21� and �23� the probability
of exceedance of the nonlinear extreme wave crest Hmax admits
the following asymptotic expression:

Pr�Hmax � h� = exp�−
h2

2
2�1 + �max�2� h



→ � �24�

Note that �max�0 indicates self-focusing �i.e., the linear crest
amplitude H increases due to third-order nonlinear interaction
among free harmonics, i.e., harmonics satisfying the linear disper-
sion relation�. As shown in the next section, for random seas with
narrowband spectra, the parameter �max depends uniquely on an
appropriate Benjamin-Feir index BFI �see �8��.

Third-order effects due to bound harmonics, i.e., harmonics
which do not satisfy the linear dispersion relation, are neglected,
but second-order effects due to bound harmonics are relevant.
They break down the characteristic symmetry of Gaussian seas
implying that higher crests are more probable than higher troughs
�20,21,30�. If second-order effects due to bound harmonics are
also taken into account, then Eq. �24� modifies as �see �29��

Pr�Hmax � h� = exp�−
�1 + �max�2

8
d
2�2 �1 −�1 +

4
d�

�1 + �max�2��2�
�25�

where one can assume ��1/2 on deep water �20,21�.

Applications
Consider the case of unidirectional waves in deep water with a

narrow band spectrum of dimensionless bandwidth �K. The har-
monic components have dimensionless wavelength k separated by
�k, i.e., kn=1+n�k with n� �−ns ,ns� where ns is the number of
sideband components. Jansen �8� defines the Benjamin-Feir index
�BFI�

BFI =
2�2
d

�K
�26�

to characterize the nonlinear behavior of the random field. He
showed that the intensity of the nonlinear interaction smoothly
increases as the BFI increases without any bifurcation. As the
frequency components of an initial wave packet change in time,
energy flows from the central mode to the sideband modes. The
energy eventually returns, restoring the wave to its initial state.
This energy exchange occurs in time almost periodically, and it
produces an effect of intermittence to the surface displacement:
high crests occur intermittently in time, affecting the statistics of
the wave crests, which tend to deviate from being Gaussian �see
�32��. Extreme events become more probable due to the Fermi-
Pasta Ulam recurrence, and the kurtosis of the wave distribution
increases �32�.

In the narrow-band limit the dimensionless frequency admits
the following Taylor expansion for �K�1:

wn = �1 + n�k = 1 +
n�k

2
−

n�k2

8
+ o��n�k�2�

and the constraint in Eq. �14� relative to the Hamiltonian in Eq.

�4� can be simplified as
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− �K2�
n

�n/ns�2Xn
2 + 4
H

2 �
npqr

XnXpXqXr

= − �K2�
n

�n/ns�2X̃n
2 + 4
H

2 �
npqr

X̃nX̃pX̃qX̃r exp − �i�̃npqrt0�

�27�

where the nonlinear transfer coefficient T̃npqr has been set equal to
1 �8�. By inspection of Eq. �26�, one can easily observe that the
solution set �Xn	 of the optimization problem �13� depends on the

parameters �K ,
H and the set �X̃n	 of initial conditions �this set
determines the initial shape of the spectrum at time t=−t0�. More-
over, the other constraints in Eq. �15� depend only directly on the

initial set �X̃n	. Thus, �max �see Eq. �23�� also depends on the

parameters �K ,
H and the set �X̃n	. If one defines the Benjamin-
Feir index BFIH according to the wave steepness 
H; that is,

BFIH =
2�2
H

�K

then both the parameter �max �see Eq. �23�� and the probability of
exceedance in Eq. �24� rely uniquely on the BFIH, as will be
shown below.

Consider an initial wave spectrum with Gaussian shape

E�k� =
1

�2�
2
exp�−

�k − 1�2

2
2 �
The dimensionless bandwidth of this spectrum is assumed to be
equal to the relative width at the energy level of one half of the

spectrum maximum, i.e., �K=2
�2 ln 2. In the following, the
effects to due second-order bound harmonics are neglected for the
sake of simplicity. The continuous spectrum has been discretized
in N=21 spectral components �a central component and ns=10
sideband components� with an effective bandwidth equal to
2�K=10
. The optimization problem �13� is solved by using the
MATLAB optimization toolbox.

For larger values of harmonic components N�21 further stud-
ies are needed in order to formulate a robust numerical method for
the solution of optimization problem �13�, such as the outer ap-
proximation technique �23�, but this will not be discussed here. In
Fig. 1, the computed coefficient �max is plotted as a function of the
parameter BFIH for different values of the wave steepness 
H. As
one can see, �max depends uniquely on the Benjamin-Feir index

Fig. 1 The parameter �max as function of the Benjamin-Feir
index BFI for different values of the wave steepness �d
BFIH in the limit of small steepness.
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Monte Carlo simulations of the Zakharov equation �3� are per-
formed to validate the analytical results for the case of BFIH
=1.15 and 
H=0.05. The Zakharov equation has been solved nu-
merically by the Runge-Kutta method, and 2000 realizations of
the nonlinear random field have been computed; each realization
has duration of �dT=8
H

−2 so that the modulation instability oc-
curred. The empirical crest distributions agree well with the ana-
lytical distribution �24� as one can see from the plots in Fig. 2.

It is obvious that these results are valid within the discrete
Fourier approximation of the surface displacement with N=21
components. In reality, water waves have a continuous spectrum
and therefore a larger number of harmonic components is needed
in order to produce realistic results. As discussed above, a more
robust optimization technique is needed in order to solve for a
larger number of harmonic components.

JONSWAP Spectra
In this context the unidirectional waves, the Joint North Sea

Wave Project �JONSWAP� spectrum �33�, is adopted in the fol-
lowing form:

E�k� = �k−3 exp�−
3

2
k2�exp�ln � exp�−

��k − 1�2

2�2 ��
Here, � is the Phillips parameter, � is the enhancement coeffi-
cient, and for typical wind waves one can assume �=0.08. For
�=1 and �=0.0081, the Pierson-Moskowitz spectrum is recov-
ered. By Taylor expanding the spectrum around its peak, one ob-
tains the following spectrum �34�:

E�k� =
Hs

2

16�

1

1 + �k − 1�2/�K2 �K =� 8�2

24�2 + ln �

Here, �K is exactly the half width at half maximum of the
JONSWAP spectrum �dimensionless bandwidth� and Hs is the sig-
nificant wave height. The BFI parameter for the JONSWAP spec-
trum is plotted in Fig. 3 as a function of the enhancement coeffi-
cient �. As � increases, the spectrum becomes higher and
narrower around the spectral peak and BFI increases.

By solving the optimization problem �13� one finds that the
initial spectrum broadens symmetrically when the highest crest is
formed. Due to the Benjamin-Feir instability the sideband har-

Fig. 2 Comparison between the analytical probability of ex-
ceedance of the wave crest Eq. „24… „solid line… and the empiri-
cal distribution computed from Monte Carlo simulations „dot-
ted line…. Here, BFI=1.15 and �d=0.05.
monic components grow at the expense of the central components
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as one can see from Fig. 4 for the case of BFI=1.15 and 
H
=0.05. If one relaxes the hypothesis of narrowband spectra, then a
downshift of the spectrum also occurs �8�.

Comparison to the Draupner Data
Consider now the data of the wave elevation measured at the

Draupner field in the central North Sea during the storms in the
period from December 31, 1994 to January 20, 1995. Joint fre-
quency tables of successive wave crest heights and wave trough
depths of the Draupner time series are provided by Wist et al. �1�,
and the empirical distributions are readily obtained. The draupner
time series has significant wave height between 6.0 and 8.0 m,
peak frequency �d=0.55 rad/s, and mean wave period Tm=9.1 s.
Consider a JONSWAP spectrum with ��7 for which BFI
�1.05 and 
H�0.04. This choice gives the best fit with the ex-
perimental data as one can see from Fig. 5, where the comparison
among the Draupner data, the third-order distribution in Eq. �25�,
and the second-order distribution �Eq. �25� with �max=0� is
shown. Note that the analytical distribution tends to deviate from
the second-order distribution, indicating an increasing in the kur-
tosis due to intermittency. But this effect is not strong since BFI
�1.05. Moreover, the Draupner data are time series containing

Fig. 3 The Benjamin-Feir index BFI as a function of the param-
eter � of the JONSWAP spectrum

Fig. 4 Spectrum at the initial stage and when the highest crest

is formed „BFI=1.15 and �d=0.05…
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only one freak event. Thus, the tail of the empirical probability
distribution deviates from the second-order analytical curve most
likely because of statistical confidence error and not for intermit-
tency effects: one freak wave event is not enough to compute the
real tail of the probability of exceeding.

Conclusions
According to the Zakharov equation governing the dynamics

the wave envelope of the surface displacement, the optimal spec-
tral components that give an extreme crest are derived. They are
solutions of a well-defined constrained optimization problem. By
means of the theory of quasi determinism of Boccotti, the prob-
ability of exceedance of the wave crest is then obtained. Numeri-
cal probability distributions obtained by Monte Carlo simulations
of the Zakharov equation are in agreement with the new analytical
distribution for the case of narrowband spectra.

References
�1� Wist, H. T., Myrhaug, D., and Rue, H., 2002, “Joint Distributions of Succes-

sive Wave Crest Heights and Successive Wave Trough Depths for Second-
Order Nonlinear Waves,” J. Ship Res., 46�3�, pp. 175–185.

�2� Boccotti, P., 1981, “On the Highest Waves in a Stationary Gaussian Process,”
Atti Accad. Ligure Sci. Lett., Genoa, 38, pp. 271–302.

�3� Boccotti, P., 1989, “On Mechanics of Irregular Gravity Waves,” Atti Accad.
Naz. Lincei, Mem., Cl. Sci. Fis., Mat. Nat., Sez. 1a, 19, pp. 11–170.

�4� Boccotti, P., Barbaro, G., and Mannino, L., 1993, “A Field Experiment on the
Mechanics of Irregular Gravity Waves,” J. Fluid Mech., 252, pp. 173–186.

�5� Boccotti, P., 1997, “A General Theory of Three-Dimensional Wave Groups,”
Ocean Eng., 24, pp. 265–300.

�6� Boccotti, P., 2000, Wave Mechanics for Ocean Engineering, Elsevier Science,
Oxford, p. 495.

�7� White, B. S., and Fornberg, B., 1998, “On the Chance of Freak Waves at Sea,”
J. Fluid Mech., 355, pp. 113–138.

�8� Janssen, P. A. E. M., 2003, “Nonlinear Four-Wave Interactions and Freak

Fig. 5 Probabilities of exceedance
Waves,” J. Phys. Oceanogr., 33�4�, pp. 863–884.

16 / Vol. 128, FEBRUARY 2006
�9� Longuet-Higgins, M. S., 1976, “On the Nonlinear Transfer of Energy in the
Peak of a Gravity-Wave Spectrum: A Simplified Model,” Trans. R. Soc. Lon-
don Ser. A, 347, pp. 311–328.

�10� Phillips, O. M., 1960, “On the Dynamics of Unsteady Gravity Waves of Finite
Amplitude. I. The Elementary Interactions,” J. Fluid Mech., 9, pp. 193–217.

�11� Phillips, O. M., 1961, “On the Dynamics of Unsteady Gravity Waves of Finite
Amplitude. II. Local Properties of a Random Wave Field,” J. Fluid Mech., 11,
pp. 143–155.

�12� Longuet-Higgins, M. S., and Phillips, O. M., 1962, “Phase Velocity Effects in
Tertiary Wave Interactions,” J. Fluid Mech., 12, pp. 333–336.

�13� Benney, D. J., 1962, “Non-Linear Gravity Wave Interactions,” J. Fluid Mech.,
14, pp. 577–584.

�14� Zakharov, V., 1999, “Statistical Theory of Gravity and Capillary Waves on the
Surface of a Finite-Depth Fluid: Three-Dimensional Aspects of Air-Sea Inter-
action,” Eur. J. Mech. B/Fluids, 18�3�, pp. 327–344.

�15� Krasitskii, V. P., 1994, “On Reduced Equations in the Hamiltonian Theory of
Weakly Nonlinear Surface Waves,” J. Fluid Mech., 272, pp. 1–20.

�16� Dysthe, K. B., Trulsen, K., Krogstad, H. E., and Socquet-Juglard, H., 2003,
“Evolution of a Narrow Band Spectrum of Random Surface Gravity Waves,” J.
Fluid Mech., 478, pp. 1–10.

�17� Trulsen, K., Kliakhandler, I., Dysthe, K. B., and Velarde, M. G., 2000, “On
Weakly Nonlinear Modulation of Waves on Deep Water,” Phys. Fluids, 12,
pp. 2432–2437.

�18� Osborne, A. R., Onorato, M., and Serio, M., 2000, “The Nonlinear Dynamics
of Rogue Waves and Holes in Deep-Water Gravity Wave Trains,” Phys. Lett.
A, 275, pp. 386–393.

�19� Andonowati, A., and van Groesen, E., “Maximal Temporal Amplitude �MTA�
as a New Concept for Deterministic Wave Generation,” Rogue Waves 2004,
SeaTechWeek, Le Quartz, Brest, France.

�20� Fedele, F., and Arena, F., 2003, “On the Statistics of High Non-Linear Random
Waves,” Proc. of 13th Int. Offshore and Polar Eng. Conference, Honolulu,
Hawaii, USA, 25–30 May 2003, Paper No. III-17-22.

�21� Fedele, F., and Arena, F., 2005, “Weakly Nonlinear Statistics of High Non-
Linear Random Waves,” Phys. Fluids, 17�1�, pp. 026601.

�22� Karatzas, G. P., and Pinder, G. F., 1996, “A Cutting Plane Optimization Tech-
nique to Solve the Groundwater Quality Management Problems With Non-
Convex Feasible Region,” Water Resour. Res., 32�5�, pp. 1091–1100.

�23� Lindgren, G., 1970, “Some Properties of a Normal Process Near a Local Maxi-
mum,” Ann. Math. Stat., 4�6�, pp. 1870–1883.

�24� Lindgren, G., 1972, “Local Maxima of Gaussian Fields,” Ark. Mat., 10, pp.
195–218.

�25� Phillips, O. M., Gu, D., and Donelan, M., 1993, “On the Expected Structure of
Extreme Waves in a Gaussian Sea, I. Theory and SWADE Buoy Measure-
ments,” J. Phys. Oceanogr., 23, pp. 992–1000.

�26� Phillips, O. M., Gu, D., and Walsh, E. J., 1993, “On the Expected Structure of
Extreme Waves in a Gaussian Sea, II. SWADE Scanning Radar Altimeter
Measurements,” J. Phys. Oceanogr., 23, pp. 2297–2309.

�27� Tromans, P. S., Anaturk, A. R., and Hagemeijer, P., 1991, “A New Model for
the Kinematics of Large Ocean Waves: Application as a Design Wave,” Shell
International Research, Publ. No. 1042.

�28� Longuet-Higgins, M. S., 1952, “On the Statistical Distribution of the Heights
of Sea Waves,” J. Mar. Res., 11, pp. 245–266.

�29� Tayfun, M. A., 1980, “Narrow-Band Nonlinear Sea Waves,” J. Geophys. Res.,
85, pp. 1548–1552.

�30� Arena, P., and Fedele, F., 2002, “A Family of Narrow-Band Non-Linear Sto-
chastic Processes for the Mechanics of Sea Waves,” Eur. J. Mech. B/Fluids,
21�1�, pp. 125–137.

�31� Benjamin, T. B., and Feir, J. E., 1967, “The Disintegration of Wave Trains on
Deep Water. Part 1. Theory,” J. Fluid Mech., 27, pp. 417–430.

�32� Onorato, M., Osborne, A. R., Serio, M., and Bertone, S., 2001, “Freak Waves
in Random Oceanic Sea States,” Phys. Rev. Lett., 86�25�, pp. 5831–5834.

�33� Hasselmann, K., Barnett, T. P., Bouws, E., et al., 1973, “Measurements of
Wind Wave Growth and Swell Decay During the Joint North Sea Wave Project
�JONSWAP�,” Dtsch. Hydrogr. Z., A8, pp. 1–95.

�34� Onorato, M., Osborne, A. R., Serio, M., and Fedele, R., 2003, “Landau Damp-
ing and Coherent Structures in Narrow-Banded 1+1 Deep Water Gravity

Waves,” Phys. Rev. E, 67, pp. 046305.

Transactions of the ASME


