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 11 

Abstract 12 

 13 

This study develops a stochastic approach to model short-crested stormy seas as random 14 

fields both in space and time. Defining a space-time extreme as the largest surface 15 

displacement over a given sea-surface area during a storm,  associated statistical 16 

properties are derived by means of the theory of Euler Characteristics of random 17 

excursion sets in combination with the Equivalent Power Storm model. As a result, an 18 

analytical solution for the return period of space-time extremes is given. Subsequently, 19 

the relative validity of the new model and its predictions are explored by analyzing wave 20 

data retrieved from NOAA buoy 42003, located in the eastern part of the Gulf of Mexico, 21 

offshore Naples, Florida. The results indicate that as the storm area increases under short-22 

crested wave conditions, space-time extremes noticeably exceed the significant wave 23 

height of the most probable sea state in which they likely occur, and that they also do not 24 

violate Stokes-Miche type upper limits on wave heights.     25 

 26 

 27 

  28 
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1.    Introduction  29 

One of the key elements in the analysis of long-term predictions of extreme wave crest 30 

events is the probability of exceedance of the maximum crest height maxC  observed at a 31 

point Q in time t during a storm. Following Borgman (1973), this probability can be 32 

expressed as 33 
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where )(th is the time series of the significant wave height sH  recorded at Q,  T(h)  is 35 

the mean zero up-crossing period,  D is the storm duration and )|( hHzP s =  is the 36 

exceedance probability of the crest height z in a sea state where hH s = . This is 37 

described reasonably well by the Rayleigh law or the Tayfun model for linear or 38 

nonlinear waves, respectively (Tayfun 1986, Tayfun and Fedele 2007, Fedele 2008, 39 

Fedele and Tayfun 2009).  40 

Borgman’s formulation (1) is the starting point of various statistical methods 41 

developed for predicting occurrences of extreme events in stormy seas (Krogstad, 1985; 42 

Prevosto et al., 2000; Boccotti 2000; Isaacson and Mackenzie, 1981; Guedes Soares, 43 

1989; Goda, 1999;  Arena and Pavone 2006, 2009; Fedele and  Arena, 2010).  These 44 

assume that the effects of the sea state observed during time intervals of the short-term 45 

scales of Ts ~ 1-3 hours  can be accumulated to predict the wave conditions for the long-46 

term scales of Tl ~ years. One of the drawbacks of such stochastic analyses is that in 47 

short-crested seas, surface time series gathered at a fixed point tend to underestimate the 48 

true actual wave surface maximum that can occur over a given region of area Es around 49 
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Q. A large crest observed in time at Q represents a maximum observed at that point, but it 50 

may not even be a local maximum in the actual crest segment of a three dimensional (3-51 

D) wave group. The actual crest representing the global maximum occurs at another point 52 

located without or within Es. Certainly, the elevation of the actual crest is always larger 53 

than that measured at Q. Thus, (1) underestimates the maximum wave surface height 54 

maxη  attained over Es, which is also not the highest crest height of the group, unless the 55 

area is large enough for all wave-group dynamics to develop fully. Indeed, maxη  can also 56 

occur on the region‘s boundaries, and this is usually the case in areas of smaller size than 57 

the average size of wave groups. Thus, wave extremes should be modeled in both space 58 

and time as maxima of random fields rather than those of random functions of time 59 

(Adler, 1981, Piterbarg 1995, Adler and Taylor, 2007). Since in 3-D random fields it is 60 

not possible to define a wave easily or unambiguously, as is possible in time series, in this 61 

work we refer to a space-time extreme as the largest surface displacement maxη over a 62 

given sea-surface area during a storm. 63 

Note that the application of such advanced stochastic theories to realistic oceanic 64 

conditions has been limited because it requires the availability of wave surface data 65 

measurements collected both in space and time, in particular directional wave spectra 66 

(Baxevani and Richlik, 2004). Only at large spatial scales, Synthetic Aperture Radar 67 

(SAR), or Interferometric SAR (INSAR) remote sensing provides sufficient resolution 68 

for measuring waves longer than 100 m (see, e.g. Marom et al., 1990; Marom et al., 69 

1991; Dankert et al., 2003). However, it is insufficient to correctly estimate spectral 70 

properties at smaller scales. At such scales, up to date field measurements for estimating 71 

directional wave spectra are challenging or inaccurate even if a linear or two-dimensional 72 
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(2-D) wave probe-type arrays could be used, though expensive to install and maintain 73 

(Allender et al., 1989; O’Reilly et al., 1996). Recently, stereo video techniques have been 74 

proposed as an effective low-cost alternative for such precise measurements (Benetazzo, 75 

2006; Wanek and Wu, 2006; Fedele et al., 2011; Gallego et al. 2011, Bechle and Wu 76 

2011,  de Vries et al. 2011; Benetazzo et al. 2012). Indeed, a stereo camera view provides 77 

both spatial and temporal data whose statistical content is richer than that of a time series 78 

retrieved from wave gauges. For example, Gallego et al. (2011) have estimated 79 

directional spectra by a variational variant of the Wave Acquisition Stereo System 80 

(WASS) proposed by Benetazzo (2006). Further, WASS was used by Fedele et al. (2011) 81 

to prove that in short-crested seas the maximum surface height over a given area is 82 

generally larger than that observed in time by point measurements (see also Forristall, 83 

2006).  The fact that the spatial extremes are larger than those measured at a fixed point is 84 

not only because there are more waves in a spatial domain. The main reason is that fixed 85 

point measurements cannot detect true extremes in short crested seas. Theories due to 86 

Adler (1981) and Piterbarg (1995) follow from both reasons, especially from this 87 

essential difference between fixed-point versus true spatial picture. An extreme observed 88 

at a fixed probe in time in short-crested seas indicates that a wave crest section just 89 

propagated through the probe, and the probability that the actual extreme of that crest 90 

section coincides with the extreme observed in time is simply zero. It is only in long-91 

crested seas that one can equate the extremes observed in time with the actual spatial 92 

extremes.  93 

 94 
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As pointed out by Baxevani and Richlik (2004), the occurrence of an extreme in a 95 

Gaussian field is analogous to that of a big wave that a surfer is in search and always 96 

finds. Indeed, his likelihood to encounter a big wave increases if he moves around a large 97 

area instead of waiting to be hit by it. Indeed, if he spans a large area the chances to 98 

encounter the largest crest of a wave group increase, in agreement with the findings of the 99 

recent European Union ‘MaxWave’ project (Rosenthal and Lehner 2008).   100 

     In this work, the main focus is on characterizing the statistical properties of space-time 101 

extremes in short-crested sea states and their long-term predictions. The paper is 102 

structured as follows. First, the essential elements of the theory of Euler Characteristics 103 

(Adler, 1981) are introduced. Then, their application is presented in the context of the 104 

Equivalent Power Storm (EPS) model of Fedele and Arena (2010). The statistical 105 

properties of space-time extremes are then derived. Further, the relative validity of the 106 

new model and its predictions are assessed by analyzing wave measurements and 107 

directional spectra retrieved from NOAA buoy 42003 (East Gulf).   108 

 109 

2.    Euler characteristics and extremes  110 

      A significant result on the geometry of multidimensional random fields follows from 111 

the so-called Euler Characteristics (EC) of their excursion sets (Adler 1981) and the 112 

relation to extremes.  To keep the presentation simple, hereafter random fields in three 113 

dimensions or lower are considered, but the theory is valid in any dimensions (Adler and 114 

Taylor 2007). Consider a homogenous Gaussian wave field ),,( tyxη  over the bounded 115 

space-time volume Ω  with zero mean and standard deviation σ  (see Figure 1). Here, 116 
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homogeneity simply means that η  is stationary in time and homogenous in space. Thus, 117 

the associated probability distributions at any points of the domain are the same and 118 

Gaussian, irrespective of the domain’s size. Given a threshold z, define the excursion set 119 

zU ,Ω  as that part of Ω  within which η  is above z, viz.  120 

}),,(:){, ztyxy,txU z >Ω∈=Ω η,( .        (2) 121 

In 3-D sets, the EC counts the number of connected volumetric components of the 122 

excursion set U, minus the number of holes that pass through it, plus the number of 123 

hollows inside.  For two dimensional (2-D) random fields instead, the EC counts the 124 

number of connected components minus the number of holes of the respective excursion 125 

set.  In one dimension (1-D), the EC simply counts the number of z-upcrossings, thus 126 

providing their generalization to higher dimensions (Adler 1981).  127 

    Worsley (1996) presented various applications of EC theory to characterize the 128 

anomalies in the cosmic microwave background radiation, galactic topologies and 129 

cerebral activities in biomedical imaging (Taylor and Worsley 2007). EC theory is also 130 

relevant to oceanic applications because Adler (1981) and Adler and Taylor  (2007) have 131 

shown that the probability of exceedance }|Pr{ max Ω> zη  that the global maximum maxη  132 

of η  over Ω  exceeds a threshold  z  depends on the domain size and it is  well 133 

approximated by the expected EC of the excursion set 
zU ,Ω , provided that the threshold is 134 

high. The expected EC approximation to the exceedance probability of maxη  can be 135 

explained heuristically as follows. As z increases, the holes and hollows in the excursion 136 

set 
zU ,Ω  disappear until each of its connected components includes just one local 137 

maximum of η , and the EC counts the number of local maxima. For very large 138 



 8 

thresholds, the EC equals 1 if the global maximum exceeds the threshold and 0 otherwise. 139 

Thus, )( ,zUEC Ω  of large excursion sets is a binary random variable with states 0 and 1, 140 

and, for σ>>z ,  141 

 ,)(}1)(Pr{}|Pr{ ,,max >=<==Ω> ΩΩ zz UECUECzη         (3) 142 

where angled brackets denote expectation.  This heuristic identity has been proved 143 

rigorously to hold up to an error that is in general exponentially smaller than any of the 144 

terms of the expected EC approximation, viz. (Taylor et al. 2005) 145 

))2/)1((exp()(}|Pr{ 2
,max χη +−+>=<Ω> Ω uOUECz z

,         (4) 146 

where 1/ >>= σzu  and the constant 0>χ . Piterbarg (1995) also derived an asymptotic 147 

expansion of the probability in (3) for large Gaussian maxima via generalized Rice 148 

formulas (Rice 1945) valid for higher dimensions. In the following, we will first apply 149 

the preceding results to homogenous 3-D Gaussian fields and then consider non-150 

stationary space-time extremes observed during a sea storm.  151 

 152 

a. Extremes of Gaussian Fields 153 

   Consider the Gaussian field ),,( tyxη   homogenous over the space-time volume  Ω  of 154 

size XYD (see Figure 1). Drawing upon Adler and Taylor (2007), define  155 

xyt
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D
HYXDM απ2)|,,(3 =         (5) 156 
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as the average number of ‘3-D waves’ within Ω . Here, T  is the mean wave period,xL  157 

and yL  are the mean wave lengths along x and y, respectively. These, as well as the 158 

parameter 
xytα  are all estimated from the moments of the directional spectrum of η  (see 159 

appendix A).  The probability that one of the ‘3-D waves’ exceeds the threshold z is given 160 

by 161 

),|(]1)/(16[)|( 2

sssV HzPHzHzP −=        (6) 162 

where  163 
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 is the Rayleigh law.  165 

If Ω  is not large, then the threshold z can also be exceeded on the boundary surface 166 

Ω∂=S  with probability 167 

,)|()/(4)|( sssS HzPHzHzP =                   (8) 168 

by one of the ‘2-D waves’. The average number of such occurrences is given by 169 

,)|,,( ,2,22 hvs MMHYXDM +=        (9a)  170 

where 171 

,112 22
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Here, VM ,2  ( HM ,2 ) is the average number of ‘2-D waves’ that occur on the vertical 175 

(horizontal)  faces of Ω∂ , and the parametersxtα , 
ytα  and 

xyα  also depend upon the 176 

directional spectrum (see appendix A).   177 

The threshold z can also be exceeded along the perimeter SP ∂=  of the surface S. In this 178 

case, the number of such occurrences follows the Rayleigh law of (7). And, the average 179 

number of ‘1-D waves’ that exceed u is given by 180 

.)|,,(1

yx

s
L

Y

L

X

T

D
HYXDM ++=          (10) 181 

There is no clear geometric criterion, such as that of zero upcrossings for 1-D waves, for 182 

defining 2-D or 3-D waves. In simple terms, this can be thought as one of the space-time 183 

cells in which the map of the wave surface ),,( tyxη  can be portioned within a given 184 

volume or area.  185 

For large thresholds σ>>z ,  the probability of exceedance of the absolute maximum 186 

maxη  of the wave surface η  over Ω  is given by  187 

}.|Pr{}|Pr{}|Pr{}|Pr{ maxmaxmaxmax PzSzVzz >+>+>=Ω> ηηηη      (11) 188 

Here, each term on the right-hand side of the preceding equation denotes, from left to 189 

right, the probability that maxη  is exceeded over the interior volume V of Ω , its surface S 190 

or the perimeter P, respectively.  The three terms can be derived as follows. The 191 

probability that maxη  does not exceed z in V is equal to the probability that all the 3-D 192 

waves in V have amplitudes less than or equal to z. If one assume the stochastic 193 

independence among waves (which holds for large z), then the first term in (11) can be 194 

expressed as  195 
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,)]|(1[1}|Pr{1}|Pr{ 3

maxmax

M

sV HzPVzVz −−=≤−=> ηη    (12) 196 

and similarly for the other two terms, that is  197 

2)]|(1[1}|Pr{1}|Pr{ maxmax

M

sS HzPSzSz −−=≤−=> ηη      (13) 198 

and 199 

.)]|(1[1}|Pr{1}|Pr{ 1

maxmax

M

sHzPPzPz −−=≤−=> ηη     (14) 200 

For σ>>z , the preceding will lead to  201 

),|()|()|(}|Pr{ 123max ssSsV HzPMHzPMHzPMz ++≅Ω>η    (15) 202 

in agreement with Adler and Taylor (2007). 203 

 204 

b. Scale dimension of extremes 205 

A statistical indicator of the geometry of space-time extremes in the volume Ω  can be 206 

defined as (see appendix B) 207 

,
416

24
3

102
2
03

102

MMM

MM

++
+−=

ζζ
ζβ        (16) 208 

where 0ζ  relates to the expected maximum surface height 
maxη . The parameter β209 

represents a scale dimension of waves, i.e. the relative scale of a space-time wave with 210 

respect to the volume’s size. From (16) it is easily seen that 31 ≤≤ β . In particular, if 211 

3=β  wave extremes are fully 3-D and they are expected to occur within the volume V 212 

away from the boundaries. For 32 << β , extremes intersect also the lateral surface of V. 213 

The limiting case of 2=β  is attained when one of the three sides D, X or Y is null, say 214 

D=0, for example. In this case, the extreme can occur within an area Es=XY and it is 2-D. 215 
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When the area’s boundaries are touched by the extreme then 21 ≤< β . The limiting case 216 

of 1-D extremes ( 1=β ) occurs when the area Es collapses to a line (X=0 or Y=0).  As an 217 

example, Figure 2 shows the wave dimension β  computed for each hourly sea state of 218 

the Hs-sequence recorded during the period 2007-2009 by NOAA buoy 42003, moored 219 

off the East Gulf, for D=1 hour and squared  Es = 1002 m2.  Clearly, in milder or low sea 220 

states extremes are quasi 3-D since mean wavelengths (~30 m) and periods (~3 s) are 221 

much smaller than the lateral length L and duration D, respectively. As the intensity of 222 

the sea state increases, so do both the associated mean wavelengths (up to ~190 m) and 223 

periods (up to ~12 s) and the wave dimension reduces; at the highest sea states, β  is 224 

roughly 2.6 and waves appear more long-crested. However, their sea states are broad-225 

banded and modulational effects are negligible. In this case, extremes are expected to 226 

occur on the surfaces X-T or Y-T of the volume V.  227 

In the following sections, (15) is extended for a random wave field η  homogenous in 228 

space but non-stationary in time, thus providing a means of predicting the maximum 229 

value of η  over an area during a storm under more realistic conditions. This also leads to 230 

a generalization of the Borgman model (1) for predicting space-time extremes in storm 231 

seas with dominant second-order nonlinearities. As discussed above, the eventual 232 

application of such approach requires spatial data, specifically directional spectra that can 233 

be estimated, for example via non-invasive stereo imaging techniques (Benetazzo 2006, 234 

Gallego et al. 2011; Fedele et al. 2011) or via SAR/INSAR remote sensing (see, e.g. 235 

Marom et al., 1990; Marom et al., 1991; Dankert et al., 2003). 236 
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c. Space-time extremes during storms 237 

   Consider the space-time volume Ω  of Figure 1, and regard η  as the wave surface 238 

generated by an actual storm passing through the area Es=XY during a time interval D.   239 

Assuming that η  is spatially homogenous over the area but non-stationary in time, 240 

partition D into  tDJ ∆= /  time intervals each centered at 
jtt = , as shown in Figure 1.  241 

Next, assume that η  is locally or piecewise stationary in any time interval ],[ ttt jj ∆+ , 242 

with t∆ usually equal to 1 hour or so.  The sea storm is then defined as a sequence of 3-D 243 

stochastically independent t∆ -sea states j∆Ω  with piecewise time-varying mean period 244 

)(tT  and wavelengths )(tL x and )(tL y . Such parameters can be estimated from the 245 

directional spectrum (see appendix A). The surface 
jS∆  of 

j∆Ω  consists of four 246 

‘vertical’ faces aligned along the t-axis and surrounding the interior
jV∆ . The perimeter 247 

jS∆∂  consists of four ‘vertical’ segments, each of lengtht∆ .  With this setting in mind, 248 

the volume Ω  is partitioned in disjoint subsets uLb SVSS ∪∪∪=Ω , where uS  and 249 

bS  are the upper and bottom surface areas of Ω  at t=0 and D, respectively,  and the 250 

lateral surface LS  and interior volume V  are given by
 

251 

.,
,1,1

j
Jj

j
Jj

L VVSS ∆=∆=
==
∪∪        (17) 252 

The exceedance probability of the global maximum  maxη  of η  over Ω  can then be 253 

expressed as 254 
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where LS∂  is the perimeter of LS . Assuming stochastic independence, as 0→∆t , or 256 

∞→J , (18) yields the extended Borgman’s exceedance probability to space-time (see 257 

appendix C for derivation)  258 

,)(exp1))|(
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321max
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NhHzP sV
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where the coefficients SN  and VN are given in appendix A. Here, to account for second-264 

order nonlinearities, the linear amplitude  1z  is related to the nonlinear amplitude z via 265 

the quadratic equation σµ 2/2

11 zzz +=  (Tayfun 1980,1986; Fedele and Tayfun 2009), 266 

where 3/3λµ =  represents an integral measure of steepness dependent on the skewness 267 

coefficient 3λ  of η .  268 

Note that (19) is a normalized probability measure since 1)0|( max =>sEP η . As 0→sE , 269 

it reduces to  270 









−=> ∫ dtPzP
D

0

1max exp1)(η ,       (23) 271 
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which is the Borgman’s probability in (1) for the maximum wave crest Cmax observed in 272 

time at point Q.  The expected maximum 
maxη  of the actual storm follows by integrating 273 

(19) over z as 274 

.)|(
0

maxmax dzzEP s∫
∞

>= ηη        (24) 275 

As ∞→z , (19) tends asymptotically to  276 

,)()|(
0

321max dtPPPzEP
D

s ∫ ++−→>η       (25) 277 

which is the extension of Adler’s probability (15) to sea storms.  278 

Note that the exceedance probability in (19) relies on the assumption of stochastic 279 

independence of large waves, which holds for weakly non-Gaussian fields dominated by 280 

second order nonlinearities, or short-crested seas considered in this work.  Indeed, 281 

realizations of maxima typically occur at times and locations typically well separated to 282 

render them largely independent of one another in wind seas.  Clearly, in long-crested sea 283 

states the areal effects are negligible and (19) reduces to the time Borgman formulation 284 

(1). However, in this case the wave surface is affected by nonlinear quasi-resonant 285 

interactions and fourth-order cumulants increase beyond the Gaussian threshold if the 286 

spectrum is narrow (see, for example, Fedele et al. 2011). To account for such deviations, 287 

an obvious modification would be to simply replace in (1) the Rayleigh/Tayfun 288 

distribution with Gram-Charlier (GC) type models, such as those developed by Mori and 289 

Janssen (2006), Tayfun and Fedele (2007) or Fedele (2008). Indeed, GC models have 290 

been shown to describe the effects of quasi-resonant interactions on the wave statistics 291 

(see, for example, Fedele et al., 2011). However, in such long-crested sea states 292 
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individual waves are correlated (see for example, Janssen, 2003) and (1), even with a GC 293 

model, loses its validity and yields conservative estimates as an upper bound. The space-294 

time stochastic model proposed herein can be extended to smoothly bridge long- and 295 

short-crested conditions. This would require taking into account the correlation between 296 

neighboring waves and it should depend upon the joint probability distribution of 297 

successive extremes (see, for example, Fedele 2005). Such a model would be beneficial 298 

for estimating extreme waves in rapid development of long-crested sea states in time. 299 

Some work on marine accidents suggests that such conditions may occur (Tamura et al. 300 

2008).  The development of such a stochastic model is in progress and will be discussed 301 

elsewhere.  302 

 303 

 304 

3.    Prediction and properties of space-time extremes  305 

     In the following, (19) will be applied in the context of the EPS model of Fedele and 306 

Arena (2010) to predict the long-term statistics of space-time extremes, namely the 307 

largest surface elevation maxη  that can occur over the area Es centered at point Q during a 308 

storm. To do so, consider a time interval τ  during which )(τN  storms sweep through Es, 309 

and assume that the time series of significant wave heights ( sH ) at Q as well as the 310 

directional spectrum are given as measurements. Then, define a succession of storms 311 

where each storm, according to Boccotti (2000), is identified as a non-stationary 312 

sequence of sea states in which sH  exceeds 1.5 times the mean annual significant wave 313 

height at the site, and it does not fall below that threshold during an interval of time 314 
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longer than 12 hours (see also Arena, 2004). Given a succession of storm events in time, 315 

each event is described as an EPS storm of duration b and peak amplitude a at, say, 316 

0tt = . The significant wave height h varies in time t according to a power law h(t)~|t-t0|
λ 317 

, where λ (>0) is a shape parameter (Fedele and Arena 2010). The EPS storm has sharp 318 

cusps for 10 << λ  and rounded peaks for 1≥λ . For 1=λ , the ETS model of Boccotti 319 

with linear cusps is recovered (Boccotti, 2000).  It is then assumed that a and b are 320 

realizations of two random variables, say A and B, respectively. Then, the storm peak 321 

probability density function (pdf) )(apA  is not fitted directly to the observed storm peak 322 

data via ad-hoc regressions, but it follows analytically by requiring that the average times 323 

spent by the equivalent and actual storm sequences above any threshold be identical, viz. 324 

).,(
)()(

)( aG
ab

a

N
apA λ

τ
τ=                          (26)                                  325 

Here, the function ),( aG λ  (see Appendix D) depends on the exceedance distribution of 326 

significant wave heights }Pr{)( hHhP s >=  and the conditional average duration327 

aABEab s == |)|( , both of which are estimated via regression. In particular, a Weibull 328 

fit is adopted for )(hP  as  329 

,exp)(


















 −−=
u

l

w

hh
hP         (27) 330 

where u, w and hl are regression parameters (see Fedele and Arena 2010). As a 331 

consequence, the analytical form of the storm peak density Ap  is defined via (26).  For 332 

example, for triangular storms ( 1=λ ) 333 
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and Ap  depends upon the Weibull parameters and the conditional )(ab . For comparison, 335 

both the Generalized Extreme Value (GEV) and Gumbel (G) models are used to fit the 336 

observed storm peak data. In particular, the GEV density and cumulative distribution 337 

function are given by  338 
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where ),,( σµk are the GEV parameters. For Gumbel,  340 
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ap

GGG

G
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      (30) 341 

where ),( GG σµ are regression parameters. Note that GEV tends to G as 0→k .  342 

The conditional storm base is estimated as follows. For large z, the probability that 343 

z>maxη during an EPS storm is given by  344 
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This follows from (19) specializing the significant wave height history h(t) to that of the 346 

EPS storm (see Fedele and Arena 2010). As 0→sE , (31) reduces to the time-based 347 

Borgman’s probability (1) specialized to point estimates of the maximum crest height 348 

maxmax η=C
 
in EPS storms, viz.  349 
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The expected maximum )(max sEη  of the EPS storm then follows by integration as in (26).  351 

For a given areasE , the statistical equivalence between an actual storm and the associated 352 

EPS is achieved by requiring that a equal the actual maximum sH  in the storm, and b is 353 

chosen so that the expected maximum 
maxη  during the storm is the same as that of the 354 

EPS storm (Fedele and Arena, 2010). Once the maxη  of the true storm is estimated from 355 

data by means of (19) and (26), a good approximation of b is given by imposing the 356 

exceedance probabilities of the actual and EPS storms to be equal at maxη=z , viz. 357 

)|(},;|{ maxmaxmaxmax ηηηη >=> ss EPbaEP .      (33) 358 

From this, b follows as 359 
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 It is observed that b depends upon the storm shape, but it slightly changes with the area 361 

 as expected, since b and the storm peak density  are unique temporal properties of 362 

the given location, as a result of the assumed spatial homogeneity. Thus, hereafter b is 363 

estimated as ),0(),( λλ bEb s ≈ , based on the Borgman’s time-based model (32). As an 364 

example, Figure 3 (top panel) shows one of the largest observed actual storms and the 365 

associated EPS. In the same Figure, the exceedance probability (32) of the maximum 366 

crest height expected in time at the buoy location is compared for both the actual and EPS 367 

storms. 368 

Es Ap
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 Given λ , the conditional average )(ab  at the buoy location is then described by  369 

)](exp[)( 0aasbab mm −= ,     (35) 370 

where bm,sm,a0 are regression parameters  (Boccotti 2000) .  371 

Note that the EPS model depends on the measured data only via the observed )(hP  and 372 

the density Ap  is estimated by way of (26) for an arbitrary 0>λ .  As a result, the EPS 373 

model is defined in a probabilistic setting and no further data fitting is necessary for 374 

estimating extremes and associated statistics, which can be expressed explicitly as a 375 

function of Ap . Indeed, the return period )( hHR s >  of an actual storm whose peak is 376 

greater than a given threshold h can be expressed as (Fedele and Arena, 2010) 377 

∫
∞=>

h

A

s

daapN

hHR

)()(
)(

τ

τ
.                  (36) 378 

This can also be derived exploiting compound Poisson processes (Tayfun 1979).      379 

     The return period )|( max zER s >η  of an actual storm in which the maximum wave 380 

surface height exceeds z can be derived a follows. Consider the number )|( sw EzN  of 381 

equivalent storms where the maximum surface elevation over sE  during the storm is 382 

greater than z. Then, )|( max zER s >η  of an actual storm is defined as that of an equivalent 383 

storm whose global maximum maxη  exceeds z.  Thus, 384 

)|(
)|( max

sw

s EzN

τ
zER =>η ,                                                 (37) 385 

where )(zNw  can be explicitly formulated by following the same logical steps as in 386 

Fedele and Arena (2010). It is given by  387 
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Using (38), (37) is simplified further to  389 
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As 0→sE , this expression reduces to that for point measurements, i.e. )( max zR >η (see 391 

Arena and Pavone, 2006), and thus yields the return period of a storm whose largest crest 392 

height exceeds z at a given location in time.  Drawing upon Fedele and Arena (2010) and 393 

from probabilistic principles, one can also estimate the most probable value of the peak 394 

significant wave height A of the storm during which the maximum maxη  exceeds a given 395 

threshold, say, z, over the area sE . Indeed, given that }|{ max sEzF >= η , the conditional 396 

probability density function describing the relative frequency of occurrence of the 397 

extreme event in the equivalent storm whose peak intensity A is in ],[ daaa +  is given by 398 

.

daaba,z;EPap
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);(

η

η                     (40) 399 

The conditional mean  ),(| sFA Ezµ  and standard deviation ),(| sFA Ezσ  are both function of 400 

z and area sE . If the coefficient of variation 1/ || <<= FAFA µσγ ,  then an exceptionally 401 

high surface elevation most likely occurs during a storm whose maximum significant 402 

wave height, i.e. the storm peak A, is very close to
FA|µ . Most likely this is also the 403 

intensity of the sea state in which the expected extreme occurs. In the applications to 404 

follow, it will be shown that theoretical predictions such as these implied by the EPS 405 
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models are approximately satisfied in actual storm data. Moreover, to compare the EPS 406 

predictions with those based on GEV and G models, the return periods )( hHR s >  and 407 

)|( max zER s >η  will be also estimated replacing Ap  with GEVp
 
and Gp , which follow 408 

from the storm-peak data via (29-30).  409 

 410 

4.    Long-term extremes in the East Gulf 411 

    Hereafter, the space-time EPS model will be applied to elaborate some wave 412 

measurements retrieved by the NOAA buoy 42003 moored west of Naples, Florida 413 

during 1976-2009. The data indicates that the observed sea states at the buoy location are 414 

short-crested in agreement with the analysis of Forristall (2007) (see also Forristall and 415 

Ewans 1998). Indeed, their angular spreading θ∆ , estimated as in O’Reilly et al. (1996),  416 

is in the range of [30°-60°]. The time series of long-term wave statistics for point 417 

measurements have been elaborated showing that the exceedance distribution )(hP
 
of 418 

significant wave heights is well represented by the Weibull law (27) with parameters 419 

u=0.591, w=0.201 m and hl=0  m. Further, directional data available for the period 2000-420 

2009 are used to fit the wave parameters T , xL  and yL  from the hourly measured 421 

directional spectra as 422 

 ,     ,     ,/4
22

TgLTgLgHT yyXxsT γγγ ===
     

 (41) 423 

where 172.0  ,171.0   ,42.2 === yXT γγγ . From the analysis of the estimated directional 424 

spectra of the hourly sea states, the spectral parameters xtα , xtα and 
xyα  are on average 425 
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very small and can be set equal to zero, whereas 7.0~xytα  as an average. For the data at 426 

hand, quasi-triangular storms are optimal ( 9.0~λ ) (see Figure 3, top panel), and the 427 

conditional base )(ab  can be estimated from a sequence of 627)( =τN  storms, and it is 428 

reported in Figure 3 (bottom panel).  429 

     Given )(hP  and )(ab , one can now compute the pdf )(apA  of the storm peak intensity 430 

A from (26) and predict the return period )( hHR s >  from (36) for the NOAA buoy 431 

42003.  Figure 4 illustrates such predictions labelled as EPS. For comparison, the 432 

predictions based on the estimates of Ap  directly from the observed storm peak data 433 

using GEV and Gumbel (G) models (cf. Eqs. 29 and 30) are also reported. Note that EPS 434 

and G yield similar predictions, whereas GEV leads to overestimation at large R.  The 435 

associated return period )|( max zER s >η  of the largest surface height over a square area Es 436 

= L2, with L=103 m, is computed from (39) and shown in Figure 5 for EPS, GEV and 437 

Gumbel. For comparisons, the associated ‘time’ predictions of the return period 438 

)( max zR >η  ( 0=sE ) are also shown. Clearly, the expected wave height maxη  attained 439 

over Es is larger than that expected at given point  in time. Further, as the area increases 440 

the predictions tend to deviate from the ‘time’ Borgman’s counterpart as shown in the 441 

right panel of Figure 6, which reports the EPS predictions of maxη  as function of R over 442 

increasing areas with L=102, 103 and 104 m, respectively.   Over such large areas, the 443 

wave dimension β  is expected to be roughly 3 [see Figure 2 for the case L=100 m]. 444 

Thus, drawing upon Boccotti (2000), most likely maxη  is the highest crest height of the 445 

central wave of a group that focuses within the area. An estimate of the associated 446 

steepness hε
 
is needed to assess if the large crest violates the Stokes-Miche upper limit 447 
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for breaking. To do so, given R we need an estimate of the most probable value maxa  of 448 

the peak significant wave height A of the storm during which such maximum maxη  449 

exceeds z. This can be inferred using Eq. (40), which allows to predict the mean 
FA|µ of 450 

the conditional pdf ( )zap FA ;|  of A given }|{ 2

max LEzF s =>= η . The stability bands for 451 

such estimate proceed from the standard deviation 
FA|σ . Figure 6 (center) shows the 452 

associated ratio maxmax / aη  as function of R for the predictions in the right panel of the 453 

same figure. For the largest area considered (L=104 m), this ratio increases to roughly 1.4 454 

independently of z, thus significantly exceeding the predictions at a given point in time, 455 

i.e. 0.9-1.1, in agreement with the stereo measurements of ocean waves (Fedele et al. 456 

2011). Given maxa , the expected steepness can be expressed as maxηε hh k= , where the 457 

wavenumber hk  can be estimated in various ways. For example, one can extract its value 458 

from the actual wave profile if available. Equivalently, the theory of quasi-determinism 459 

(Boccotti 2000, Fedele and Tayfun 2009) suggests that a large crest at focusing tends to 460 

assume the same shape as the spatial covariance. Specifically, one can take the 461 

wavelength and thus the corresponding wavenumber value along the direction with the 462 

shortest zero-crossing wavelength (Method 1). Alternatively, the period hT  of the largest 463 

wave can be estimated from the time covariance (Boccotti, 2000), and hk  follows from 464 

the dispersion relation as gTk hh /)/2( 2π=  (Method 2). For NOAA buoy 42003, 465 

gHTT sh /433.326.1~ =  is a decent fit, especially for intense sea states. The left panel 466 

of Figure 6 reports both the expected steepness hε  and the associated confidence intervals 467 

as function of R (estimates from the hT -fit).  It is seen that the Stokes-Miche upper limit 468 
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44.0~maxε  (Stokes 1880, Michell 1893) is not violated by large waves (see also Tayfun 469 

2008).  This result clearly suggests that exceptional waves with 1/ maxmax >aη  can occur 470 

over larger areas.  Clearly, such analysis provides evidence that exceptional waves with 471 

1/ maxmax >aη  can occur over larger areas. However, a more critical analysis of the 472 

breaking conditions is required, but this goes beyond the scopes of this paper.  473 

Finally, to confirm the above long-term predictions the Hs-sequence of hourly sea-states 474 

recorded by NOAA buoy 42003 during the period 2007-2009 has been analyzed.  In 475 

particular, the top panel of Figure 7 reports the short-term (D=1 h) expected maximum 476 

surface height sH/maxη  attained over XYEs =  (X=Y=103 m) for each hourly sea-state. 477 

The associated hε  (bottom panel of the same Figure) is also estimated directly from the 478 

directional spectrum using Methods 1 and 2, with differences less than 2%. Clearly, 479 

extremes of intense sea-states do not violate the Stokes-Miche upper limit in agreement 480 

with the long-term predictions of Figure 6.  481 

5.    Conclusions 482 

The stochastic model developed herein extends the Borgman time-domain model (1) 483 

to space-time extremes and demonstrates the increased likelihood of large waves over a 484 

given area in short-crested seas (see also Baxevani and Richlick 2004). The proposed 485 

model was applied to several storms recorded by the NOAA buoy 42003. The results 486 

reveal that given a return period, the associated threshold z exceeded by the maximum 487 

surface height maxη  over a given area is greater than that predicted by the Borgman time-488 

domain model. In particular, for the largest area considered (L=104 m), maxη  exceeds 1.4 489 
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times the significant wave height maxa  of the sea state where the maximum occurs, 490 

significantly exceeding the ratio  maxmax / aη  ~ 0.9-1.1 predicted from the Borgman model. 491 

These results are in agreement with those obtained from the recent stereo measurements 492 

by Fedele et al. (2011). In intense sea states, if the area is large enough compared to the 493 

mean wavelength, a space-time extreme most likely coincides with the crest of a focusing 494 

wave group that passes through the area. Further, estimates of the steepness of such large 495 

crests suggest that they do not violate the Stokes-Miche upper limit.  496 

The present EPS model provides another ‘hand on the elephant’ for the subject of 497 

extreme waves (see, for example, Boccotti 1981, 1987, 2000, Fedele 2008, Fedele and 498 

Tayfun 2009, Fedele 2008, Gemmrich and Garrett 2008) by demonstrating that the 499 

occurrence of large waves over an area can be explained in terms of extremes in space-500 

time. In particular, the proposed model is of relevance as a practical tool for identifying 501 

safer shipping routes, and for improving the design and safety of offshore facilities.  502 

The correlation or stochastic dependence of wave extremes is not an issue for the 503 

statistics of maxima because realizations of maxima typically occur at times and locations 504 

typically well separated to render them largely independent of one another in wind seas. 505 

However, under conditions conducive to the rapid development of long-crested sea states 506 

such as those studied numerically by Tamura et al. (2011), stochastic dependence can be 507 

an important factor in analysis. In this regard, the space-time stochastic model proposed 508 

here can be extended to smoothly bridge long- and short-crested conditions by taking into 509 

account the correlation between neighboring waves (see, for example, Fedele 2005).  510 

 511 

 512 
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 513 

APPENDIX A 514 

Wave parameters 515 

Drawing from Baxevani and Richlik (2004), the mean period and wavelengths are given 516 

by  517 
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Here,   519 
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are spectral moments of the directional spectrum W.  521 

In (21-22) the coefficients SN  and VN are given by  522 
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 529 

APPENDIX B 530 

Scale dimension of extremes  531 

Consider the maximum wave surface height maxη  over Ω .  From the associated 532 

probability of exceedance (15),  the expected value maxη   is given, according to the theory 533 

of extremes (Gumbel 1958), by 534 

)(

)('
16

0

0
0

0
max

ζ
ζζ

γζη

F

FH
e

s −
+= ,        (B1) 535 

where 5772.0=eγ  is the Euler-Mascaroni constant, the prime denotes derivative with 536 

respect to sHz /=ζ and the dimensionless 0ζ  satisfies 537 

1)8exp()( 2 =− ζζF ,         (B2) 538 

with  539 

12
2

3 416)( MMMF ++= ζζζ .       (B3) 540 

Consider now as a reference the order statistics of N waves whose parent distribution 541 

follows an exceedance distribution of the form  542 

),8exp()4()|( 21 ζζη β −=> −zHP s
        (B4) 543 

where the parameter 1≥β . In particular, for 1=β  (B4) reduces to the Rayleigh law (7) 544 

for 1-D waves, and for β =2 and 3 to the distributions PS and PV  in (7-8) for 2-D and 3-D 545 

waves respectively. Thus, β  is interpreted as a scale dimension of waves, i.e. the relative 546 

scale of the wave with respect to the volume’s size.  547 
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In the following,  is related to the mean wavelengths and periods as well as the 548 

volume’s geometry by equating the expected maximum βη  of N ‘beta-waves’ to the true 549 

maximum maxη  in (B1).  Indeed, from (B4) according to the theory of extremes (Gumbel, 550 

1958) the expected maximum βη  of  N  'beta-waves’ is given by 551 

,
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sH ζβζ
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ηβ

−
+=         (B5) 552 

where from (B4) , Nζ
 
satisfies 1)8exp()4( 2 =− ζζ βN . The two expected maxima βη  553 

and maxη  are identical if β  and N are chosen, respectively, as 554 
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and 556 
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Here, N is the average number of waves of dimension β  that occur within Ω .  558 

 559 

 560 

APPENDIX C 561 

Derivation of }|Pr{ max Ω> zη   562 

In (18) assume the stochastic independence of the events }|{ max Vz≤η , }|{ max LSz≤η , 563 

}|{ max LSz ∂≤η , }|{ max bSz≤η  and }|{ max uSz≤η  (valid for large z). Then the 564 

probability of exceedance can be rewritten as 565 

β
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Further, the last two terms on the right-hand side can be set equal to 1, assuming that the 567 

significant wave height is null or small in the beginning and at the end of the storm (568 

0,2 =HM in (9)).  This simplifies (C1) to  569 

{ } { } { }.|Pr|Pr|Pr1}|Pr{ maxmaxmaxmax LL SzSzVzz ∂≤⋅≤⋅≤−=Ω> ηηηη       (C2) 570 

Here, the terms on the right-hand side can now be formulated a la ‘Borgman’  as in (12-571 

14) assuming the stochastic independence of the sea-state events, namely 572 

 }|{ max jj VzA ∆≤= η ,  }|{ max jj SzB ∆≤= η ,    }|{ max jj SzC ∆∂≤= η .    (C3) 573 

 As a result,  574 
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and  577 
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where )( jj thh = ,  and VP , SP   and P  follow from (6),(8) and (7) as the probabilities that 579 

a ‘ 3-D wave’ , ‘2-D wave’ and ‘1-D wave’ has an amplitude larger than  z  in 
jV∆ ,  

jS∆  580 

and along its perimeter 
jS∆∂ , respectively (see Figure 1).  The linear amplitude 1z  is 581 
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related to the nonlinear amplitude z via the quadratic equation σµ 2/2

11 zzz += , where 582 

µ   is an integral measure of steepness (Tayfun 1980, Fedele and Tayfun 2009). 583 

    
Taking the limit of 0→∆t , or ∞→J  in (C3-C6) yields the extended Borgman’s 584 

exceedance probability (19) to space-time.   585 

 586 

APPENDIX D 587 

Function )( aλ,G  588 
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with (integer) 1>n  and 10 << ξ . If n/1=λ  is rational, i.e. 0=ξ , then from  (D1),   590 
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FIG. 2. Wave dimension β  of each hourly sea-state of the Hs-sequence recorded by 785 

NOAA buoy 42003 during 2007-2009 (D=1 h, X=Y=100 m). 786 
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FIG. 3. NOAA buoy 42003: (top) shape and exceedance probability of the maximum 796 

time crest height  Cmax of the observed actual storm and the associated EPS storm; 797 

(bottom) duration of EPS storms and conditional base regression  )(ab  from Eq. (40) 798 

(regressions parameters bm=86.5 h, sm=-0.13 m-1 and a0=2.22 m).  799 
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FIG. 5. NOAA buoy 42003:  predicted return periods )( max zR >η  (labeled as ‘time’) and 813 

)|( max zER s >η  over the area 2LEs =  (L=103 m) estimated with Gumbel (G), GEV and 814 

EPS models (regression parameters as in Figure 4).  815 
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FIG. 6. NOAA buoy 42003: (right) predicted return period )|( max zER s >η  of the largest 818 

surface height maxη  over increasing areas 
2LEs =  with L=0 (time), 102, 103 and 104 m 819 

estimated with the EPS model (regression parameters as in Figure 4); (center) significant 820 

wave height )( maxηaH s =  of the most probable sea state in which maxη  occurs in terms of 821 

the ratio  sH/maxη  and (left) steepness hε  of the associated extreme wave.   822 
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 823 

FIG. 7. NOAA buoy 42003 (East Gulf): (top) short-term expected maximum surface 824 

height maxη  over an area 2LEs =  (L=103 m) for each hourly sea-state (period 2007-2009) 825 

in terms of the ratio sH/maxη , sH being the significant wave height, and (bottom) 826 

steepness hε  of the associated extreme wave (dash line is the Stokes-Miche upper limit). 827 

The wave dimension β is ~3 for all the analyzed sea states.  828 
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